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Abstract
In a recent seminal paper [1] of Dafermos, Holzegel and Rodnianski the linear stability of the Schwarzschild
family of black hole solutions to the Einstein vacuum equations was established by imposing a double null
gauge. In this paper we shall prove that the Schwarzschild family is linearly stable as solutions to the
Einstein vacuum equations by imposing instead a generalised wave gauge: all sufficiently regular solutions
to the system of equations that result from linearising the Einstein vacuum equations, as expressed in a
generalised wave gauge, about a fixed Schwarzschild solution remain uniformly bounded on the Schwarzschild
exterior region and in fact decay to a member of the linearised Kerr family. The dispersion is at an inverse
polynomial rate and therefore in principle sufficient for future nonlinear applications. The result thus fits
into the wider goal of establishing the full nonlinear stability of the exterior Kerr family as solutions to the
Einstein vacuum equations by employing a generalised wave gauge and therefore complements [1] in a similar
vein as the pioneering work [3] of Lindblad and Rodnianski complemented the monumental achievement of
Christodoulou and Klainerman in [4] whereby the global nonlinear stability of the Minkowski space was
established.
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1 Introduction
The celebrated Kerr family [6] of spacetimes, discovered in 1963, comprise a 2-parameter family of solutions to
the Einstein vacuum equations of general relativity,
Ric[g] = 0. (1)
They putatively describe isolated gravitating systems that contain a rotating black hole – a region of spacetime
which cannot communicate with distant observers. The parameter M > 0 thus determines the mass of the black
hole whilst the parameter a, with1 0 ≤ |a| < M , measures its angular momentum. The region of spacetime
that lies outside the black hole is described by the Kerr exterior family.
The physical reality of such objects, as opposed to being mere mathematical fiction, requires at the very
least a positive resolution to the conjectured stability of their exterior2 regions as solutions to the Einstein
vacuum equations:
Conjecture. The Kerr exterior family is stable as a family of solutions to (1).
1Black holes with |a| = M are known as extremal Kerr black holes and they possess properties that are in stark contrast to
their slower rotating cousins. See, for instance, the pioneering [7].
2For the interior region, the situation is drastically different. See the recent remarkable [8].
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A precise mathematical formulation of this conjecture can be found3 in [2] where it is posed, analogously
to the monumental work [4] of Christodoulou–Klainerman, in the context of general relativity as a hyperbolic
Cauchy initial value problem, a correspondence first identified in the pioneering [9] of Choquet-Bruhat. Observe
in particular that it is the exterior Kerr family itself which is posited to be stable, as opposed to a single member
of this family, for it is expected that a general perturbation contributes both mass and angular momentum to
the final state of the black hole.
This conjecture remains open. Indeed, to even attempt to give a positive resolution one must first address
the issue of gauge. For in the theory of general relativity one can only distinguish between spacetimes up to an
equivalence class that is determined by diffeomorphisms. In fact, the Einstein vacuum equations as formulated
in (1) impose an underdetermined system on the spacetime metric g, with this degenerancy arising from the
diffeomorphism invariance of the theory. It follows that any attempt to resolve the conjecture must necesarily
specify a gauge.
In regards to questions pertaining to the issue of stability, particular success has been achieved via the
specification of a wave gauge in which the hyperbolicity of the Einstein equations is made manifest by reducing
(1) to a system of quasilinear wave equations. Indeed, such a gauge was originally employed by Choquet-Bruhat
in [9] to demonstrate local well-posedness of the Einstein equations. That this gauge could in fact be utilised to
understand the global dynamics of solutions to the Einstein equations was exhibited by Lindblad and Rodnianski
in their pioneering4 [3], in which they established the nonlinear stability of the trivial solution Minkowski space.
Various authors have since extended this by considering either different matter models (see [3], [12], [13], [11],
[14]) or different asymptotics (see [61]). See also [15] and [33]. The novelty of this approach due to Lindblad
and Rodnianski, as compared to the previously mentioned result [4] of Christodoulou and Klainerman, is not
only that the proof is dramatically simpler (although one has the caveat of obtaining less detailed asymptotics
on the spacetimes constructed) but moreover that it suceeds despite the fact that the Einstein equations in a
wave gauge satisfy only the so-called ‘weak null condition’.
Motivated by this success, it is the intention of this paper to lend credence to the notion that the specification
of a generalised wave gauge (see [60] and [10] for a precise definition) will be sufficient to resolve the above
conjecture in the affirmative. Indeed, one advantage of a generalised wave gauge over the wave gauge is that
one can view this gauge as a natural generalisation of the latter to the situation where one is perturbing about
a spacetime with non-trivial curvature. This is manifested by the observation that the linearisation of the
Einstein equations, as expressed in a generalised wave gauge, exhibits a particularly amenable structure upon
linearisation about a non-trivial background solution. Naturally, this structure does not persist if one instead
imposes a wave gauge, unless the background one linearises about is the trivial Minkowski spacetime. A more
precise definition of the generalised wave gauge can be found in section 2.1.1 of our detailed overview.
In this paper we shall demonstrate the linear stability of the Schwarzschild exterior subfamily of the Kerr
exterior family with a = 0 as solutions to (1) under the imposition of a judicious generalised wave gauge:
Theorem. All sufficiently regular solutions to the equations of linearised gravity around Schwarzschild i.e. the
system of equations that result from linearising the Einstein vacuum equations (1), as expressed in a (particular
and explicit) generalised wave gauge, about a fixed member of the Schwarzschild exterior family
i) remain uniformly bounded on the Schwarzschild exterior
ii) decay to a member of the linearised Kerr family.
Note that the dynamic convergence to a member of the linearised Kerr family is to be understood within the
wider context of the stability of the Kerr exterior family. In terms of resolving the conjectured stability of the
Kerr family, the generalised wave gauge thus passes the first test put to it by the (less elaborate) Schwarzschild
exterior subfamily.
A more comprehensive version of the Theorem is Theorem 1 to be found in section 2.5 of the overview.
However, already at this stage it is proper to discuss the issue surrounding residual gauge freedom. This
freedom arises from the fact that imposing the generalised wave gauge on a spacetime does not fully specify
the gauge. This is directly manifested in the linear theory by the existence of a residual class of infinitesimal
diffeomorphisms on
(M, gM) which preserve the generalised wave gauge, thus generating an explicit class of
solutions to the equations of linearised gravity known as pure gauge solutions. The existence of such solutions,
along with the presence of the linearised Kerr family, implies that one can only prove a decay statement for
3A discussion on this formulation, along with other weaker formulations of the problem, can be found in the introduction of [1].
4This result was surprising as there existed convincing heuristics in the literature that such a gauge should become singular
globally.
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solutions to the equations of linearised gravity up to the addition of some pure gauge solution and some member
of the linearised Kerr family. Indeed, even part i) of our Theorem requires a quantitative gauge-normalisation
of initial data. However, this ‘initial-data-normalisation’ is in fact sufficient to obtain part ii) of our Theorem.
The original version of the above Theorem where decay is obtained only after the addition of a dynamically
determined residual pure gauge solution and in which the Einstein equations are expressed in a double null
gauge as opposed to a generalised wave gauge was proven by Dafermos, Holzegel and Rodnianski in [1].
More specifically, their analysis focused on the null decomposed linearised Bianchi equations for the Weyl
curvature, coupled to the linearised null structure equations. This approach is therefore in keeping with that
of Christodoulou and Klainerman in [4]. In particular, the body of work presented here complements that
of Dafermos, Holzegel and Rodnianski in a similar vein as to how the result [3] of Lindblad and Rodnianski
complemented that of Christodoulou and Klainerman.
One caveat of our Theorem is that the gauge in which we obtain decay is not asymptotically flat. In fact,
by modifying our choice of generalised wave gauge it is possible to obtain a Theorem statement as above in
addition to which asymptotic flatness is preserved. However, this modification is slightly cumbersome and is
relegated to our upcoming [5]. Indeed, the main purpose of this paper is to exhibit in the simplest manner
possible the fact that by making a judicious choice of generalised wave gauge one can establish a statement of
linear stability with relative ease.
The proof of the theorem relies crucially on the fact that one can extract two fully decoupled scalar wave
equations from the equations of linearised gravity. That this is possible is well-known in the literature and
corresponds to the remarkable discovery by Regge–Wheeler [18] and Zerilli [19] that certain gauge-invariant
quantities decouple from the full system of linearised Einstein equations into the celebrated Regge–Wheeler
and Zerilli equations. Indeed, by combining this decoupling with a sagacious choice of generalised wave gauge
one can gauge-normalise initial data in such a way as to cause all linearised metric quantities in this gauge to
be fully determined by those two quantities that satisfy the Regge–Wheeler and Zerilli equations respectively.
This has the effect of essentially reducing the Theorem to a boundedness and decay statement for solutions
to said equations. We remark that this ‘initial-data-gauge’ is nothing but the well-known Regge–Wheeler
gauge (see [18]) adapted to the linearised Einstein equations as they are expressed in a generalised wave gauge.
Consequently, realising this Regge–Wheeler gauge within the framework of a well-posed formulation of linearised
gravity comprises one of the key aspects of our work.
A decay statement for solutions to the Regge–Wheeler equation was established by Holzegel in [22], with
earlier results of [24] due to Blue and Soffer, whereas a decay statement for solutions to the Zerilli was obtained
independently by the author [25] and Hung–Keller–Wang in [26]. We also note [27]. These results regarding
solutions to the Regge–Wheeler and Zerilli equations will in fact be applied freely in this paper, although
we shall reprove them in a setting more in keeping with the presentation of the main body of this work in
our upcoming [25]. We note that in doing so we rely heavily upon the fundamental techniques developed by
Dafermos–Rodnianski in [29] and [30] by which one establishes a quantitative rate of dispersion for solutions to
the scalar wave equation on the Schwarzschild exterior.
We now discuss other results that are related to our work. We first note that the recent remarkable result
[32] of Hintz and Vasy whereby the global nonlinear stability of the Kerr–De Sitter family5 ([6], [34]) of black
holes was established, for small rotation parameter a, proceeded by employing a generalised wave gauge. This
was later extended by Hintz in [35] to the Kerr–Newman–De Sitter family ([6], [34], [36]). A particular feature
of this problem however is the presence of a positive cosmological constant which has the effect of making it
fundamentally different in nature than one which concerns the nonlinear stability of the Kerr family. In any
case, it would be interesting to compare the ‘initial-data-gauge’ we employ in this paper with the (residual)
gauge choices that are utilised in the aforementioned works.
Moreover, for a result towards establishing the linear stability of the Schwarzschild exterior which employs a
so-called Chandrasekhar gauge in the setting of a “metric perturbations” approach, see [26]. Finally, for further
references pertaining to the linearised Einstein equations about the Schwarzschild exterior family, see [23], [21]
and [37]–[51].
We end the introduction with a brief discussion towards nonlinear applications and future work. Indeed,
in view of the fact that one must in effect linearise about the solution one expects to approach, providing
a positive resolution to the conjectured stability of the Kerr exterior family by utilising a generalised wave
gauge, even for the Schwarzschild exterior subfamily, would require upgrading the linear theory established
here to the full Kerr exterior family. Nevertheless, in [1] Dafermos, Holzegel and Rodnianski formulated a
restricted nonlinear stability conjecture regarding the Schwarzschild exterior family for which the improved rate
5These are a family of solutions to Ric[g] = Λg with Λ > 0.
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of dispersion embodied in part ii) of our Theorem is in principle sufficient, when coupled with the understanding
gained by Lindblad–Rodnianski in [3], to treat the nonlinearities present in the system of equations that results
from expressing (1) in a generalised wave gauge, thus paving the way for a resolution of this conjecture by
means of a generalised wave gauge. A precise formulation of the conjecture can be found in section 2.6 of the
overview. Remarkably, a proof of said conjecture in the symmetry class of axially symmetric and polarised
perturations has very recently been announced by Klainerman and Szeftel over a series of three papers, the first
of which can be found in [52].
2 Overview
We shall now give a complete overview of the paper. The overview is to be divided into five segments.
In the first part, section 2.1, we describe the process behind which one arrives at the equations of linearised
gravity around Schwarzschild. In addition, two special classes of solutions to the equations of linearised gravity
are discussed, namely the linearised Kerr and pure gauge solutions.
In the second part, section 2.2, we discuss how one extracts two fully decoupled scalar wave equations from
the equations of linearised gravity. This decoupling will prove vital in establishing the linear stability of the
Schwarzschild exterior solution.
In the third part, section 2.3, the well-posedness of the equations of linearised gravity as a Cauchy problem
is established. This foundational statement is complicated by the existence of constraints.
In the fourth part, section 2.4, we discuss particular solutions to the equations of linearised gravity which
differ from a general solution by the addition of certain pure gauge solutions. These gauge-normalised solutions
will ultimately serve to address the complications arising from the existence of the linearised Kerr and pure
gauge solutions.
In the fifth part, section 2.5, we discuss our main theorem regarding quantitative boundedness and decay
statements for these gauge-normalised solutions. The proof of the theorem, an outline of which shall be given,
relies crucially on the decoupling discussed in part two of the overview.
Finally, in section 2.6, we state the restricted nonlinear stability conjecture of Dafermos, Holzegel and
Rodnianski regarding the Schwarzschild exterior solution for which the results of this paper are in principle
sufficient to attempt to resolve by means of a generalised wave gauge.
Before we begin, the author would like to acknowledge that the organisational structure of the overview,
and indeed the paper, stays very close to that found in [1]. This of course facilitates a comparison between the
two approaches although needless to say it additionally alleviates some of the structural burden placed upon
the author in preparing this document.
2.1 The equations of linearised gravity around Schwarzschild
We commence the overview with a discussion as to how one linearises the Einstein equations, as expressed in a
generalised wave gauge, about the Schwarzschild exterior spacetime, thus ultimately arriving at the equations
of linearised gravity around Schwarzschild.
It is by deriving quantitative decay bounds on solutions to these equations of linearised gravity that one
establishes the linear stability of the Schwarzschild exterior family as solutions to the Einstein vacuum equations
in a generalised wave gauge.
This part of the overview corresponds to sections 3-5 in the main body of the paper.
2.1.1 The Einstein equations in a generalised wave gauge
We begin by describing the notion of a generalised wave gauge for an abstract Lorentzian manifold, giving then
a description of the vacuum Einstein equations when expressed in this gauge.
This section of the overview corresponds to section 3 of the main body of the paper.
Let
(
M,g
)
and
(
M,g
)
be 3 + 1 globally hyperbolic Lorentzian manifolds with6 f : T 2(M)× T 2(M)→
TM a smooth map.
Then following [10], g is said to be in a generalised f -wave gauge with respect to g iff the identity map
Id :
(
M,g
)→ (M,g)
6Here we recall the notation T k(M) for the space of k-covariant tensor fields on M.
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is an f(g,g)-wave map. Denoting by Cg,g the connection tensor between g and g, this amounts to
g−1 ·Cg,g = f(g,g). (2)
We note that, since the condition (2) is equivalent to solving a system of semilinear wave equations, under
sufficient regularity one can always find an open set U ⊂M such that
Id :
(
U ,g
∣∣
U
)→ (U ,g∣∣
U
)
is an f -wave map. The generalised wave gauge is thus locally well-posed. Moreover, observe that if one sets
f = 0, M = R4 and g = η,
with η the Minkowski metric, then choosing a globally inertial system of coordinates on R4 one recovers the
wave gauge employed so successfully by Lindblad and Rodnianski in [3].
If one assumes that g is a generalised f -wave gauge with respect to g then the Einstein vacuum equations
for the metric g,
Ric[g] = 0,
reduce to a quasilinear tensorial wave equation on g. A schematic description7 is as follows:(
g−1 ·∇2
)
g +Cg,g ·Cg,g +Riem · g = Lf(g,g)g, (3)
g−1 ·Cg,g = f(g,g). (4)
Here, Riem and ∇ are the Riemann tensor and Levi-Civita connection of g respectively.
We note that since the expression f(g,g) is at the level of the metric g, then under sufficient regularity
the system of equations given by (3) coupled with (4), which corresponding to the Einstein vacuum equations
as expressed in a generalised f-wave gauge with respect to g, are always locally well-posed as a hyperbolic
initial value problem with constrained8 initial data. The generalised wave gauge thus captures the essential
hyperbolicity of the Einstein equations. See the book [10] of Choquet-Bruhat for details.
In the introduction, we discussed the conjecture relating to the stability of the Kerr exterior family and how
one might seek to resolve it in the affirmative by utilising a generalised wave gauge. One can now make this
aim slightly more precise with the statement that one wishes to establish an appropriate notion of stability for
solutions to (3) and (4) for which
(
M,g
)
is set to be any fixed member of the subextremal exterior
Kerr family. This strategy was employed successfully by Hint–Vasy and Vasy in [32] and [35] respectively for
the case of the Kerr–De Sitter and Kerr–Newman–De Sitter family of black holes with small angular momentum
parameter (see also [33]).
In this paper, we shall concern ourselves with the instance for which this member resides within the
Schwarzschild exterior subfamily. Of course, that still leaves the freedom in specifying the map f !
For a non-schematic description of the Einstein vacuum equations as expressed in a generalised wave gauge,
see section 3.2.
2.1.2 The exterior Schwarzschild spacetime
The Schwarzschild family
(S, gM), withM ∈ R+, constitute the unique family of spherically symmetric solutions
to the Einstein vacuum equations. A particularly relevant local description of this family is motivated by the
notion that the Einstein equations, as expressed in a generalised wave gauge, are most naturally formulated in
terms of a Cauchy problem9. This suggests describing gM in a system of coordinates on S which adequately
captures the fact that one can foliate
(S, gM) by Cauchy hypersurfaces. A natural candidate which also describes
the event horizon in a regular fashion are the so-called Schwarzschild-star coordinates.
7The wave-like nature of this system is a consequence of the Lorentzian character of g.
8The constraints arise as a consequence of the Gauss–Codazzi equations.
9In particular, note that the generalised wave gauge condition (2) is a condition on the first order derivatives of the metric.
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In this coordinate system the metric takes the form
gM = −
(
1− 2M
r
)
dt∗2 +
4M
r
dt∗ dr +
(
1 +
2M
r
)
dr2 + r2
(
dθ2 + sin2 θ dϕ2
)
(5)
where the coordinates take values
(t∗, r) ∈ (−∞,∞)× (0,∞), (θ, ϕ) ∈ S2.
Restricting now the coordinate r to the range r ∈ [2M,∞), with the null hypersurface
H+ := {(t∗, 2M,θ, ϕ)|(t∗, θ, ϕ) ∈ R× S2}
describing the so-called future event horizon, one thus has the Schwarzschild-star coordinate system on the
Schwarzschild exterior spacetime viewed now as a submanifold with boundary
(M, gM) of (S, gM). Since
moreover t∗ is now a globally regular function on M whose gradient is everywhere time-like, it follows that the
hypersurfaces of constant t∗, which we denote by Σt∗ , describe a foliation of
(M, gM) by Cauchy hypersurfaces.
In addition, observe that the causal vector field
T = ∂t∗
is manifestly Killing. The Schwarzschild exterior spacetime is thus static. Moreover, this same vector field
determines a global time orientation on
(M, gM).
A Penrose diagram of the spacetime
(M, gM) is given in Figure 1.
H
+ I+
Σt∗1
Σ
t∗
2
Figure 1: A Penrose diagram of
(M, gM) depicting the Cauchy hypersurfaces Σt∗1 and Σt∗2 .
In the main body of the paper, we will actually use the above Schwarzschild-star coordinates to define the
Schwarzschild exterior spacetime, modulo the standard degeneration of the coordinates on S2, without reference
to the ambient spacetime
(S, gM). See section 4.1 for details.
Moreover, the limit along future-directed outgoing null cones as constructed in the spacetime
(M, gM) will
informally be referred to as future null infinity, depicted in Figure 1 as I+. See section 4.4.1 for details.
2.1.3 The equations of linearised gravity
The equations of interest in this paper are those that result from linearising the Einstein vacuum equations, as
expressed in a generalised wave gauge defined with respect to a fixed Schwarzschild exterior solution, about the
very same Schwarzschild exterior solution. To that end, we now describe the linearisation process and present,
following [1], the so-called ‘equations of linearised gravity’ which result from making a particular choice of the
map f , at least to linear order.
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This section of the overview corresponds to section 5 of the main body of the paper.
One first identifies the abstract Lorentzian manifold
(
M,g
)
of section 2.1.1 with that of a fixed member
of the Schwarzschild exterior family
(M, gM). The schematic description of the Einstein vaccum equations as
expressed in this generalised wave gauge, the system (3) and (4), then translates to to the following:(
g−1 · ∇2M
)
g +Cg,gM ·Cg,gM + RiemM · g = Lf(g,gM )g, (6)
g−1 ·Cg,gM = f(g, gM ). (7)
In particular, ∇M is now the Levi-Civita connection of gM with g assumed to be a Lorentzian metric on M
and f : T 2(M)× T 2(M)→ TM a smooth map.
In order to formally linearise, we consider a smooth 1-parameter family of solutions g(ǫ) to the Einstein
vacuum equations, defined on M, with g(0) = gM . We will also demand that each solution g(ǫ) is in a
generalised f -wave gauge with respect to gM where f is a smooth map such that f(gM , gM ) = 0.
Observing thus that gM is indeed a solution to the Einstein vacuum equations as expressed in a generalised
f -wave gauge with respect to gM , to linearise we consider a formal power series expansion of g(ǫ) in terms of ǫ:
g(ǫ) = gM + ǫ · (1)g + o
(
ǫ2
)
.
Here,
(1)
g is a symmetric 2-covariant tensor field on M denoting the linearised metric. Thus, in keeping with [1],
linearised quantities are denoted by a superscript (1). We also write
f(g(ǫ), gM ) = ǫ ·Df
∣∣
gM
(
(1)
g) + o
(
ǫ2
)
where Df
∣∣
gM
: T 2(M)→ TM is a smooth linear map denoting the linearisation of the map f(·, gM ) at gM .
One then arrives at the linearised equations by inserting this formal power series expansion into the system
of equations defined by Einstein vacuum equations, as expressed in the generalised f -wave gauge with respect
to gM , and discarding those terms that appear to higher than linear order in ǫ. Proceeding in this manner leads
to the following10 system of equations:

(1)
g − 2Riem · (1)g = L (1)
f
gM , (8)
div
(1)
g − 1
2
dtr
(1)
g =
(1)
f . (9)
Here, div and  are the spacetime divergence and Laplacian of gM respectively, with d the exterior derivative
on M. Moreover, we have defined the vector field
(1)
f according to
(1)
f := Df
∣∣
gM
(
(1)
g).
The linearisation of the Einstein vacuum equations, as expressed in a generalised wave gauge, around
Schwarzschild thus comprise of the tensorial system of linear wave equations (8) coupled with the divergence
relation (9) on the Schwarzschild exterior spacetime. We remark that these are nothing but the linearised
Einstein equations in a generalised Lorentz gauge. See the book of Wald [17].
The structure of the system of equations (8)-(9) is made more transparent by employing the so called 2+ 2
formalism. In utilising this 2 + 2 formalism, a formalism which was first adopted in [42], one exploits the fact
that the topology of M has the product structure Q × S2 where Q is 2-dimensional manifold with boundary.
Informally, this allows a decomposition of objects on M into their parts ‘tangent’ to Q and S2. In particular,
one can decompose tensor fields on M into what we term as Q-tensor fields and S-tensor fields respectively
(see section 4.2.1 in the bulk of the paper for a precise definition).
Indeed, applying this decomposition to the linearised metric
(1)
g yields
(1)
g →
(1)
g˜,
(1)
g,
(1)
/g
where
(1)
g˜ is a symmetric 2-covariant Q-tensor, (1)/g is a symmetric 2-covariant S-tensor and (1)g is a Q ⊗ S 1-form.
Conversely, the decomposition applied to the 1-form
(1)
f on M returns
(1)
f →
(1)
f˜ ,
(1)
6f
10Note we have dropped the subscript M notation.
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where
(1)
f˜ is Q 1-form and
(1)
6f is an S 1-form.
Decomposed quantities in hand, the system of equations (8)-(9) for the pair(
(1)
g,
(1)
f
)
will now reduce to a system of coupled wave equations for the tuple(
(1)
g˜,
(1)
g,
(1)
/g,
(1)
f˜ ,
(1)
6f
)
.
Before we present a sample of the reduced equations however, it will behoove us to perform a further decomposition
upon
(1)
g˜ and
(1)
/g into a symmetric, traceless 2-covariant Q-tensor field and a symmetric, traceless 2-covariant
S-tensor field respectively:
(1)
g˜ =
(1)
ˆ˜g +
1
2
g˜M · trg˜
(1)
g˜,
(1)
/g =
(1)
/ˆg +
1
2
/gM · /tr
(1)
/g
with g˜M and /gM the Lorentzian Q-metric and the Riemannian S-metric resulting from applying the 2 + 2
decomposition to gM accordingly. In particular, the scalar functions trg˜
(1)
g˜ and /tr
(1)
/g on M correspond to the
respective traces of
(1)
g˜ and
(1)
/g with g˜M and /gM .
One thus reduces the system of equations (8)-(9) to the system of coupled tensorial wave equations satisfied
by the collection (
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g,
(1)
f˜ ,
(1)
6f
)
.
A sample of this system of gravitational perturbations is presented below.
For the Q⊗ S 1-form (1)g ,
˜
(1)
g + /∆
(1)
g − 1
r2
(1− µ) (1)g = 2
r
dr⊗
(
2
r
(1)
gP + /div
(1)
/ˆg +
1
2
/∇/tr (1)/g −
(1)
6f
)
− 2
r
/∇⊗
(1)
ˆ˜gP −
1
r
dr /∇⊗trg˜
(1)
g˜ + ∇˜⊗
(1)
6f + /∇⊗
(1)
f˜ .
(10)
For the symmetric, traceless 2-covariant S-tensor
(1)
/ˆg ,
˜
(1)
/ˆg + /∆
(1)
/ˆg − 2
r
∇˜P
(1)
/ˆg − 4
r
µ
r
(1)
/ˆg = −2
r
/∇⊗ˆ (1)gP − 2/D⋆2
(1)
6f . (11)
Finally, the S-component of the wave gauge condition
−δ˜ (1)g − 1
2
/∇trg˜
(1)
g˜ + /div
(1)
/ˆg +
2
r
(1)
gP =
(1)
6f . (12)
Here, all geometric objects with a tilde above them relate to the Q-metric g˜M whereas all geometric objects
with a slashed through them relate to the S-metric /gM . In particular, −δ˜ is the divergence operator associated
to g˜M , /∇⊗ˆξ is the trace-free part of the Lie derivative of /g with respect to the S-vector field ξ and we emphasize
that ˜ and /∆ are the wave operator and Laplacian associated to g˜M and /gM respectively. Moreover /D
⋆
2 is an
appropriate L2 adjoint of /div. Lastly, µ = 2Mr is the mass aspect function, P is the vector field associated to
the 1-form dr under the musical isomorphism on
(M, gM) and we use the notation
ωX := ω(X)
for ω and X a 1-form and vector field on M respectively.
The greater transparency afforded by this 2+2 formalism now motivates the choice of the linear map Df
∣∣
gM
we are to make in this paper. Indeed, we define the map11 Df
∣∣
gM
: T 2(M)→ T (M) according to
Df
∣∣
gM
(X) :=
2
r
X˜P − 1
r
( ˆ˜Xl=0)P + 2rXP − 1r dr /tr /X. (13)
11Here we recall the notation T k(M) for the space of smooth k-covariant tensor fields on M.
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Here, X˜, X and /X are the projections of the smooth 2-covariant tensor X onto a smooth 2-covariant Q-tensor,
a smooth Q⊗S 1-form and a smooth 2-covariant S-tensor respectively. Moreover, ˆ˜X denotes the traceless part
of X˜ with respect to g˜M and X˜l=0 denotes the spherically symmetric part of X˜ (see section 4.5.2 in the bulk of
the paper).
The utility of such a choice is made manifest by the observation that, modulo the ‘l = 0 modes’, in this gauge
all zero’th order terms in the generalised wave gauge condition (9) vanish. This can be verified, for instance,
from equation (12). Conversely, this modification of the ‘l = 0’ modes is related to the special solutions we are
to discuss in the next section of the overview.
Of course, one should verify that such a map can indeed be realised as the linearisation of the map f
described in our earlier formal linearisation procedure. However, this is readily seen to be true – for example12,
the linear map f : T 2(M)→ T M defined according to(
f(X)
)♭
=
2
r
X˜P − 1
r
( ˆ˜Xl=0)P + 2rXP − 1r dr /tr /X
satisfies f(gM ) = 0 and moreover trivially linearises to the map Df
∣∣
gM
of (13). Here, ♭ is the index-lowering
musical isomorphism on
(M, gM).
Motivated by [1], we use the collective notation
S =
(
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g
)
to denote solutions to the system of equations (8)-(9) that result from defining the vector field
(1)
f according to
the map Df
∣∣
gM
as given in (13). We shall henceforth refer to this system as the equations of linearised
gravity. The remainder of the paper is then concerned with solutions to this system of equations. A sample
of said system decomposed under the 2 + 2 formalism is presented below.
For the Q⊗ S 1-form (1)g ,
˜
(1)
g + /∆
(1)
g − 2
r
(∇˜⊗ (1)g)
P
− 1
r2
(1)
g +
2
r2
dr⊗ (1)gP =
2
r
dr⊗ /div
(1)
/ˆg. (14)
For the symmetric, traceless 2-covariant S-tensor
(1)
/ˆg ,
˜
(1)
/ˆg + /∆
(1)
/ˆg − 2
r
∇˜P
(1)
/ˆg − 4
r
µ
r
(1)
/ˆg = 0. (15)
Finally, the S-component of the wave gauge condition
−δ˜ (1)g − 1
2
/∇trg˜
(1)
g˜ + /div
(1)
/ˆg = 0. (16)
We emphasize to the reader that a considerable advantage of employing a generalised wave gauge with respect
to gM , i.e. with respect to the metric one is to linearise about, is the absence of any explict first order derivatives
of
(1)
g in the linearisation of the Einstein vacum equations as expressed in this gauge, the system of equations
given by (8), and the absence of any explicit zero’th terms of
(1)
g in the linearisation of the generalised wave gauge
condition itself, the system of equations given by (9). For instance, returning to the schematic description of
the Einstein vacuum equations (6), one sees that under linearisation13 the terms quadratic in the connection
tensor vanish. This would be patently false if one instead linearises the Einstein vacuum equations, as expressed
in wave coordinates, about the solution14 gM . The resulting structure this vanishing implies for the equations
of linearised gravity thus constitutes the amenable structure we mentioned in the introduction.
As to the significance of the terms quadratic in the Christoffel symbols vanishing, see the non-schematic
description of the Einstein vacuum equations as expressed in a generalised wave gauge presented in section
5.1.2.
Finally, see section 4.2.2 in the bulk of the paper for a precise definition of the various operations and
differential operations on
(M, gM) that follow naturally from this 2 + 2 formalism and which shall appear
frequently in the remainder of the overview.
12One can of course construct many other examples!
13Since CgM ,gM = 0.
14Since, in a system of wave coordinates on
(
M, gM
)
, ΓM 6= 0.
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2.1.4 Special solutions to the equations of linearised gravity: Linearised Kerr and pure gauge
We end this first part of the overview by discussing two special classes of solutions to the equations of linearised
gravity, namely the linearised Kerr and pure gauge solutions.
This section of the overview corresponds to section 6 of the main body of the paper.
The first such class of solutions arises from suitably expressing members of the 2-parameter Kerr exterior
family in the generalised wave gauge identified in the previous section and then linearising about the fixed
Schwarzschild exterior solution gM . This yields an explicit 4-parameter15 family of solutions to the equations
of linearised gravity corresponding to the fact that gM actually sits within a family of solutions to the Einstein
vacuum equations.
For instance, linearising a Kerr exterior solution with mass M in the rotation parameter a yields the
following 3-parameter family of solutions to the equations of linearised gravity:
(1)
g = − 1
1− µ
(
µ⋆˜P − dr
)
/⋆ /∇a,
(1)
ˆ˜g = trg˜
(1)
g˜ =
(1)
/ˆg = /tr
(1)
/g = 0.
Here, a is a smooth function on S2 lying in the span of the classical l = 1 spherical harmonics on S2. Further,
⋆˜ and /⋆ are the Hodge duals with respect to the Q-metric g˜M and S-metric /gM respectively and g˚ is the unit
metric on the round sphere. Of course, that the above indeed represents a 3-parameter family of solutions to
the equations of linearised gravity can be verified explicitly.
Following [1], we shall denote this special class of linearised Kerr solutions by Km,a. Consequently, we
note two key properties of this family – stationarity16 and being supported entirely on the l = 0, 1 spherical
harmonics (see section 4.5 for a precise definition). We note that this latter fact is the reason for the ‘l = 0’ term
in the definition of the map Df
∣∣
gM
in (13) in that it allows one to realise the linearisation of the Schwarzschild
exterior family in the mass parameter, when expressed in the Schwarzschild-star coordinates of section 2.1.2,
as a 1-parameter family of solutions to the equations of linearised gravity.
The second such class of solutions arises from the fact that, on an abstract Lorentzian manifoldM, there
exists a residual class of diffeomorphisms onM under which the generalised wave gauge is preserved.
Indeed, suppose that the smooth, globally hyperbolic Lorentzian manifolds
(
M,g
)
and
(
M,g
)
are solutions
to the Einstein vacuum equations for which g is in a generalised f -wave gauge with respect to g. Then there
exists a non-trivial class of diffeomorphisms φ on M for which φ∗g is in a generalised f -wave gauge with
respect to g. In particular, φ∗g and g thus reside within the same equivalence class of solutions to the Einstein
vacuum equations.
This phenomena is manifested in the linear theory by the existence of a 1-parameter family of diffeomorphisms
on M for which each of the 1-parameter family of Lorentzian metrics given as the pullback of gM under this
1-parameter family of diffeomorphisms are in a generalised f -wave gauge with respect to gM to first order.
Here, f : T 2(M) → T M is any smooth map which linearises to the map Df
∣∣
gM
defined as in (13). This
yields, upon linearisation, a family of solutions to the equations of linearised gravity corresponding to residual
gauge freedom in the non-linear theory. Following [1], we shall denote this special class of pure gauge solutions
by G .
Indeed, let v be a smooth vector field on M satisfying
v = Df
∣∣
gM
(LvgM )
where Df
∣∣
gM
is defined as in (13). Then the following
(1)
g = LvgM (17)
is a smooth solution to the equations of linearised gravity arising from the linearisation of the 1-parameter
family of Lorentzian metrics given as the pullback of gM under the 1-parameter family of diffeomorphisms
generated by v. That the above solve the equations of linearised gravity can indeed by verified from equations
(8) and (9).
15One indeed has a 4-parameter family of solutions since the Schwarzschild exterior background around which ones linearises has
no preferred axis of rotation.
16That is, LT
(1)
g = LT
(1)
f = 0 where T is the causal Killing field introduced in section 2.1.2.
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A consequence of the existence of these solutions is the expectation that, at best, a general solution to the
equations of linearised gravity decays to a member of the linearised Kerr family, after the addition of some pure
gauge solution.
2.2 The Regge–Wheeler and Zerilli equations and the gauge-invariant hierarchy
In this second part of the overview we discuss how one extracts, via a hierarchy of gauge-invariant quantities,
from the equations of linearised gravity the two fully decoupled scalar wave equations described by the Regge–Wheeler
and Zerilli equations respectively.
This section of the overview corresponds to section 7 of the main body of the paper.
Owing to the potential complications arising from the existence of the linearised Kerr and pure gauge
solutions of section 2.1.4, it is natural to consider those quantities which vanish for all such solutions.
To isolate these gauge-invariant quantities, we first recall from section 2.1.4 that members of the linearised
Kerr family are supported only on the l = 0, 1 spherical harmonics. A more useful characerisation is the
statement that the linearised Kerr solutions in fact lie in the kernels of the family of ‘S-operators’ on the
2-spheres
/Π =
{
/Πf , /Πξ, /Πθ
}
which respectively map Q-tensors, Q ⊗ S 1-forms and S-tensors into the space Λ(M) of Q-tensors which are
supported outside of the l = 0, 1 spherical harmonics. For instance, the operator /Πξ acts on smooth Q ⊗ S
1-forms ω by mapping them into the smooth pair of Q 1-forms in Λ(M) defined as
/Πξω :=
(
r4 /div /div /∇⊗ˆω, r4 /curl /div /∇⊗ˆω
)
.
See section 4.6.3 in the bulk of the paper for the definition of the operators /Πf and /Πθ respectively.
The operators /Π thus serve to project out the l = 0, 1 modes of tensor fields on M whilst concurrently
facilitating a comparison between tensor fields of different ‘S-type’. In particular, the quantities we seek are
thus determined by applying the /Π operators to the linearised metric and isolating those combinations which
vanish for all pure gauge solutions G . An example of such a quantity is the Q 1-form (1)η˜ defined by
(1)
η˜ := r4 /curl /div /∇⊗ˆ (1)g − 1
2
r2d˜
(
r2 /curl /div
(1)
/ˆg
)
. (18)
The full collection of gauge-invariant quantities, originally discovered17 by Regge–Wheeler in [18] in the
context of a full mode decomposition of the linearised18 Einstein equations, comprise of:
• the symmetric, traceless 2-covariant Q-tensor field
(1)
ˆ˜τ
• the scalar function trg˜
(1)
τ˜ on M
• the Q 1-form
(1)
η˜
• the scalar function (1)σ on M.
Remarkably, as was first discovered by Regge–Wheeler [18] and Zerilli [19], the system of gravitational perturbations
force a decoupling of the gauge-invariant quantities into two scalar waves.
For example, equations (10) and (11) of section 2.1.3 imply that the gauge invariant Q 1-form
(1)
η˜ satisfies
the decoupled wave equation
˜
(1)
η˜ + /∆
(1)
η˜ − 2
r
(
∇˜
(1)
η˜
)
P
+
2
r2
dr
(1)
η˜P = 0.
Moreover, imposing the wave gauge condition (12) implies that
(1)
η˜ is divergence free:
δ˜
(1)
η˜ = 0.
17In fact, it took the later work of Moncrief in [20] to clarify the gauge-invariance of these quantities. Moreover, the /Π operators
were completely absent in [18], their roles being fulfilled by the tensor, vector and scalar spherical harmonics employed in the mode
decomposition.
18In particular, the generalised wave gauge was not imposed.
12
This serves as an integrability condition for
(1)
η˜ and an application of the Poincaré lemma yields
(1)
η˜ = −⋆˜d˜
(
r
(1)
Φ
)
(19)
where the smooth function
(1)
Φ ∈ Λ(M) satisfies the celebrated Regge–Wheeler equation
˜
(1)
Φ + /∆
(1)
Φ = −3
r
µ
r
(1)
Φ. (20)
A similar but more complicated hierarchical procedure applied now to the gauge-invariant quantities
(1)
ˆ˜τ , trg˜
(1)
τ˜
and
(1)
σ returns
trg˜
(1)
τ˜ = 0
and
(1)
ˆ˜τ = ∇˜⊗ˆd˜
(
r
(1)
Ψ
)
+ 6µ dr⊗ˆ/ζ [1]d˜
(1)
Ψ, (21)
(1)
σ = −2r /∆
(1)
Ψ + 4∇˜P
(1)
Ψ + 12µr−1(1− µ)/ζ [1]
(1)
Ψ, (22)
where the smooth function
(1)
Ψ ∈ Λ(M) satisfies the celebrated Zerilli equation
˜
(1)
Ψ + /∆
(1)
Ψ = −3
r
µ
r
(1)
Ψ +
6
r
µ
r
(2− 3µ)/ζ [1]
(1)
Ψ + 18
µ
r
µ
r
(1− µ)/ζ [2]
(1)
Ψ. (23)
Here, /ζ [p] is the inverse of the elliptic operator r2 /∆+2− 6Mr applied p-times. This is indeed invertible over the
space of smooth functions in Λ(M).
We note that, in their original pioneering works [18] and [19], Regge–Wheeler and Zerilli derived the
Regge–Wheeler and Zerilli equations in terms of both the previously mentioned full mode decomposition of
the linearised Einstein equations combined with a fixing of Regge–Wheeler coordinates on
(M, gM). The
covariant, non-mode decomposed version of these equations presented above is ultimately19 due to Chaverra,
Ortiz and Sarbach in [38].
We moreover note the interesting result of Corrolary 9.3.5 in the bulk of the paper which states that a
sufficiently regular solution to the equations of linearised gravity for which both
(1)
Φ and
(1)
Ψ vanish is in fact the
sum of a linearised Kerr and pure gauge solution. We further remark that, as discovered by Chandrasekhar,
there exists a transformation theory mapping solutions of the Zerilli equation to solutions of the Regge–Wheeler
equation, although we will not make use of this in this paper. See [47] for details.
Lastly, we remind the reader that the Regge–Wheeler equation appears and plays a major role in the work
of Dafermos, Holzegel and Rodnianski in [1]. It is remarkable that the same equation appears in these two
different contexts. Note that the linearised Robinson–Trautman [53] solutions that appear in their work as
solutions with vanishing ‘Regge–Wheeler quantities’ are related to the aforementioned transformation mapping
solutions of the Zerilli equation to the Regge–Wheeler equation, which has non-trivial kernel consisting of the
so-called algebraically special modes.
The definition of the full collection of gauge-invariant quantities can be found in section 7.2.1 with the
corresponding gauge-invariant hierarchy derived in section 7.2.
2.3 The Cauchy problem for the equations of linearised gravity
In this third part of the overview we discuss a well-posedness result for the equations of linearised gravity as a
Cauchy problem.
Given that, as our discussion in section 2.1.4 of the overview indicates, the issues surrounding the existence
of both the Kerr family and residual gauge freedom in the nonlinear theory can be understood completely in the
19Earlier works of [42] and [37] established a covariant derivation of the Regge–Wheeler and Zerilli equations. On the other hand,
in [43] a non-covariant, non-modal derivation was given, albeit via a Hamiltonian formulation of the problem.
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context of the linear theory, this foundational statement, although complicated by the presence of constraints,
allows one to develop the theory of linearised gravity without further reference to their origin.
This part of the overview corresponds to section 8 of the main body of the paper.
It is well known that the Einstein equations (1) must satisfy certain constraints which arise as a consequence
of the Gauss–Codazzi equations restricting the embedding of a 3-manifold as a hypersurface in a 4-manifold.
These constraints are of course inherited by the linearisation, although they can be understood purely within the
context of the linear theory. Moreover, in regards to the Cauchy problem for the equations of a linearised gravity,
a further constraint is imposed by the generalised wave gauge condition (9). Therefore, any well-posedness result
for the equations of linearised gravity must neccesarily include a procedure by which one generates admissible
initial data. A definition of such admissible initial data, along with the constraints it must satisfy, is to be
found in section 8.1.1 of the bulk of the paper.
We confront this issue by introducing a notion of seed data for the equations of linearised gravity. Indeed,
it is from this freely prescribed seed data that we are able to generate, uniquely, an admissible initial data set
for the system of gravitational perturbations.
Fixing an initial Cauchy hypersurface Σ, corresponding to a level set of the time function t∗ introduced
in section 2.1.2, this seed data consists of a collection of freely prescribed quantities on Σ. We denote this
collection of seed by D , with corresponding admissible initial data denoted by A . An example of the seed
quantities are
• the two smooth functions
(1)
Φ¯ and
(1)
¯
Φ on Σ that are supported outside of l = 0, 1
See section 8.1.2 in the bulk of the paper for a full description of the seed data D .
The procedure by which we extend this seed data to a full admissible initial data set exploits the existence
of three explicit classes of solutions to the equations of linearised gravity. Two have been discussed already,
namely the linearised Kerr and pure gauge solutions. The third class, which are parametrised by two scalar
quantities satisfying the Regge–Wheeler and Zerilli equations respectively, arise from inverting the family of
operators /T in the expressions found in i) and ii) of the conditions describing the Regge–Wheeler gauge in
section 2.4 of the overview. Consequently, by (appropriately) projecting these three classes of solutions onto Σ
one generates three explicit classes of solutions to the linearised constraint equations and thus prescribing seed
data in such a way as to generate said solutions determines, by linearity, an admissible initial data set given as
their sum.
For instance, the seed quantities
(1)
¯
Φ and
(1)
Φ¯ introduced above are to determine Cauchy data for the gauge-invariant
quantity
(1)
Φ of section 2.2 which satisfies the Regge–Wheeler equation. This part of the seed data thus explicitly
generates a solution to the linearised constraint equations corresponding to the third class of explicit solutions.
Moreover since, once certain ‘gauge-considerations’ are taken into account, the freely prescribed seed data
contains four20 functional degrees of freedom, the full prescription of seed data generates a class of solutions to
the linearised constraint equations which agrees with the full functional degrees of freedom one associates to
the equations of linearised gravity by a crude function counting arguement (see the book of Wald [17]).
One advantage of this method to solving the linearised constraint equations is that, since it involves at
most applying derivatives and inverting elliptic operators on 2-spheres, we are thus able to generate solutions
to the constraint equations, linearised about the Schwarzschild exterior, that agree with admissible initial data
for a linearised Kerr solution21 outside a compact set without introducing a gluing region. This is a non-trivial
statement since the linearised constraint equations in effect correspond to an elliptic system on the non-compact
manifold Σ. In regards to generating solutions to the full nonlinear constraints for general asymptotically flat
manifolds that agree with a Kerr solution outside a compact set, see the pioneering work of Corvino–Schoen
in the celebrated [54]. See section A.1 of the Appendix attached to the bulk of the paper for full details of the
method.
In order to evolve this admissible initial data into a full solution to the equations of linearised gravity we
appeal to the argument employed by Choquet-Bruhat in her celebrated [9]. In brief, one first constructs a
unique solution to the ‘well-posed’ equation (8) with corresponding Cauchy data given by the collection A . It
is then a classical22 result that the admissibility of said data in fact implies that this solution must neccesarily
satisfy the gauge condition (9). This leads to the well-posedness theorem of section 8.2 in the bulk of the paper,
which we summarise here as:
20Corresponding exactly to Cauchy data for the gauge-invariant quantities
(1)
Φ and
(1)
Ψ.
21The exact linearised Kerr solution one matches with is to be determined explicitly from the seed data. See section 2.4.
22For instance, see the book of Choquet-Bruhat [10].
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Theorem 0. The smooth seed data set D prescribed on Σ gives rise to a unique, smooth solution S to the
equations of linearised gravity on M∩D+(Σ).
The boundedness and decay statements we discuss in section 2.5 for solutions to the equations of linearised
gravity will require that the initial data from which they arise satisfy in addition a notion of asymptotic
flatness. Importantly, we are able to provide such a notion on the freely prescribed seed data alone, which then
propagates under our procedure of determining the full initial data and thus these asymptotically flat solutions
can be understood purely within the context of the above well-posedness theorem. See Theorem A.2.1 in section
A.2 of the appendix attached to the main body of the paper. Moreover, the precise definition of asymptotic
flatness we require can be found in section 8.3 in the bulk of the paper.
Finally, we end this part of the overview with a comments towards potential future work. Indeed, it should
in principle be possible to show that under sufficient regularity this method we develop, along with the free
data we prescribe, actually parametrises the full space of solutions to the linearised constraint equations.
Further details pertaining to the initial hypersurface Σ and the corresponding notion of Sν-tensors can be
found in section 4.3.
2.4 Gauge-normalised solutions to the equations of linearised gravity and identification
of the Kerr parameters
In this fourth part of the overview we discuss particular solutions to the equations of linearised gravity that
arise from exploiting the residual gauge freedom afforded from the existence of the pure gauge solutions of
section 2.1.4.
This part of the overview corresponds to section 9 of the main body of the paper.
The first gauge under consideration in fact corresponds to a 4-parameter family of gauge choices parametrised
by a constant m ∈ R and a smooth function a on S2 lying in the span of the l = 1 spherical harmonics. We
shall term a member of this family as a Km,a-adapted Regge–Wheeler gauge23 and a smooth solution S to the
equations of linearised gravity is said to be in such a gauge if the following conditions on D+(Σ):
i) /div
(1)
g = 0
ii)
(1)
/ˆg = 0
iii) Sl=0,1 + Sl=0,1 = Km,a
Here, the subscripts l = 0, 1 denote a projection onto the l = 0, 1 spherical harmonics, to be made precise
in section 9.1.1 in the bulk of the paper, and we recall that Km,a is a member of the linearised Kerr family
introduced in section 2.1.4.
Indeed, it is smooth solutions to the equations of linearised gravity satisfying the above, when supplemented
with an appropriate asymptotic flatness condition, that will be subject to our quantitative boundedness and
decay statement to be discussed in section 2.5.1 of the overview. This will follow as a consequence of the
quantitative boundedness and decay bounds we are able to derive for the gauge-invariant quantities
(1)
Φ and
(1)
Ψ of
section 2.2 satisfying the Regge–Wheeler and Zerilli equations respectively. For a solution S to the equations
of linearised gravity which satisfies conditions i)-iii) in fact must obey on D+(Σ) the relations
/T f
(1)
ˆ˜g =
(1)
ˆ˜τ , (24)
/T ξ (1)g = /D⋆1
(
0,
(1)
η˜
)
, (25)
/T f /tr
(1)
/g =
(1)
σ (26)
and
trg˜
(1)
g˜ = 0.
23The gauge is so-named because it is an adaption of the celebrated Regge–Wheeler gauge, originally used by Regge and Wheeler
in their study [18] of the linearised Einstein equations on the Schwarzschild exterior, to the equations of linearised gravity.
15
Here,
(1)
ˆ˜τ ,
(1)
η˜ and
(1)
σ are determined from the gauge-invariant quantities
(1)
Φ and
(1)
Ψ as in section 2.2. Moreover,
the pair /T f and /T ξ are a pair of elliptic operators on 2-spheres that are naturally related to the /Π family of
operators introduced in section 2.2. For instance,
/T ξ := /D⋆1 /Πξ
where the operator /D⋆1 maps pairs of Q 1-forms q˜1, q˜2 into the Q⊗ S 1-form defined as
/D⋆1
(
q˜1, q˜2
)
:= − /∇q˜1 − /⋆ /∇q˜2.
See section 4.6.3 for the definition of the operator /T f respectively.
In particular, applying elliptic estimates on the operators /T f and /T ξ thus readily transfers bounds on the
quantities
(1)
Φ and
(1)
Ψ to the solution S . Moreover, as the operators /T f and /T ξ have kernels spanned by the
l = 0, 1 spherical harmonics (see section 4.6.3 in the bulk of the paper), condition iii) ensures that this kernel
is in fact completely described by the linearised Kerr solution Km,a.
Of course, the question remains as to whether there exist solutions that satisfy conditions i) and ii) which
moreover verify the required conditions on asymptotic regularity. That such a gauge can indeed be realised is
the content of Theorem 9.2.1 in the bulk of the paper which states that, given the solution S to the equations
of linearised gravity arising from the seed data set D courtesy of Theorem 0, one can add to it a pure gauge
solution G˚m,a for which the resulting solution S˚m,a is in a Km,a-adapted Regge–Wheeler gauge gauge. The precise
gauge one is in is to be determined explicitly from the seed data D , part of which contains
• a smooth function (1)a on the horizon sphere H+ ∩ Σ lying in the span of the l = 1 spherical harmonics
• a constant (1)m
The latter thus determines the parameter m whereas the Y 1i modes of the former determine the parameters
a−1, a0 and a1. The theorem further states that if the seed data, which we now explicitly denote by Dm,a,
is moreover asymptotically flat then this property is inherited by the pure gauge solution G˚m,a and hence the
solution S˚m,a.
An important property of the pure gauge solution G˚m,a that one can conclude from the proof of Theorem
9.2.1 is that the initial data from which it arises is actually constructed explicitly24 from the seed data of the
solution S alone. For instance, by equation (15) to ensure that condition ii) holds it suffices to impose trivial
Cauchy data for
(1)
/ˆg on Σ. See section 9.3 in the bulk of the paper.
Consequently, a Km,a-adapted Regge–Wheeler gauge is in fact realisable purely from seed data Dm,a alone
and can therefore be said to be well-posed. The solution S˚m,a is thus said to be initial-data-normalised.
We remark that previous works which have employed the Regge–Wheeler gauge have done so within the
context of the linearised Einstein equations where no gauge has been fixed, a system of equations which are not
well-posed. In particular, it is not possible within the context of that formulation to identify the Regge–Wheeler
gauge as an ‘initial-data-gauge’. Subsequently, the novelty of our work is to thus appreciate the remarkably
useful Regge–Wheeler gauge within the framework of a well-posed formulation of linearised gravity around
Schwarzschild, namely by imposing a generalised wave gauge in the full nonlinear theory and then linearising.
Our sagacious choice of the linear map Df
∣∣
gM
in section 2.1.3 then allows for the Regge–Wheeler gauge to be
realised as a residual gauge choice at the level of initial data. We remark that, in addition to our earlier noted
motivation for the choice of the map Df
∣∣
gM
, we were further inspired in making this choice by inserting the
expression for the linearised metric quantities as they appear in the Regge–Wheeler gauge into the linearised
Einstein equations (8)-(9), where the expression
(1)
f has not yet been fixed, and then evaluating the ‘error terms’.
Of course, there is the point of view in which the Regge–Wheeler gauge is considered to be a gauge choice
in of itself, thereby forgoing any reference to the larger framework of the generalised wave gauge. Indeed,
by virtue of the well-posedness of the respective Regge–Wheeler and Zerilli equations, one can determine the
gauge-invariant quantities
(1)
Φ and
(1)
Ψ explicitly from a prescription of seed data. This subsequently determines
the collection of quantities on M appearing on ‘the right hand side’ of (24)-(26). Inverting the operators /T f
and /T ξ thus a posteriori constructs a solution to the linearised Einstein equations that arises purely from the
seed data and which is manifestly in the Regge–Wheeler gauge. However, this procedure rests entirely on the
24In particular, in the construction, one is only required to perform ‘operations’ on the initial hypersurface Σ.
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decoupling of the quantities
(1)
Φ and
(1)
Ψ, a phenomena which is completely artificial25 to the linearised setting.
Consequently, with nonlinear applications in mind, it is indeed more appropriate to view the Regge–Wheeler
gauge as a residual gauge choice associated to a judicious choice of a (well-posed) generalised wave gauge.
2.5 The main theorems and outline of the proof
In this fifth part of the overview we discuss the statement and proof our main theorem from which one concludes
the linear stability of the Schwarzschild exterior family as solutions to the Einstein vacuum equations in a
generalised wave gauge.
This part of the overview corresponds to sections 10-11 in the main body of the paper.
2.5.1 Theorem 1: Boundedness and decay of the solution S˚m,a
We begin with a rough statement of the main theorem which concerns a boundedness and decay statement for
the initial-data-normalised solution S˚m,a and which is a more precise version of the Theorem discussed in the
introduction.
The precise statement of the theorem can be found in section 10.2 in the main body of the paper.
The statement in question involves certain natural r-weighted energy and integrated decay norms on
hypersurfaces which penetrate both the future event horizon and future null infinity which are generalisations
of the norms introduced in section 2.5.2 for scalar waves to the full system of gravitational perturbations (in
particular, tensor fields on M). See section 10.1 in the bulk of the paper for the full description. Conversely,
a description of the hypersurfaces can be found in section 4.4.1 although see Figure 2 for a Penrose diagram
depicting this foliation of
(M, gM).
H
+ I+
r
=
R
Ξ τ
∗
1
Ξ τ
∗
2
Σ1
Σ2
Figure 2: A Penrose diagram of
(M, gM) depicting the hypersurfaces Ξτ⋆ which penetrate both H+ and I+.
Here, the hypersurfaces Σt∗ are level sets of the time function t∗.
A rough formulation of the theorem is given below.
In what follows, we shall employ the schematic notation of an estimate for a norm on the solution S to
denote that said estimate holds, in that norm, for any quantity contained within the collection S .
Theorem 1. Let S be the smooth solution to the equations of linearised gravity arising from a smooth,
asymptotically flat seed data set Dm,a on Σ in accordance with Theorem 0. We consider the initial-data-normalised
solution
S˚m,a = S + G˚m,a
25Indeed, see the paper of [52] where the quantity
(1)
q, which in the linear theory completely decouples, but in the nonlinear theory
does quite the opposite!
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of section 2.4 and define its projection
S
′ := S˚m,a −Km,a.
Then the solution S ′ satisfies the following r-weighted energy and integrated decay estimates, concerning in
particular up to 6 angular derivatives of S ′, with the initial r-weighted energies on Σ finite by assumption of
asymptotic flatness.
i) the flux estimates
F
5, /∇[r−
3
2S
′] . D5[S ′]. (27)
ii) the integrated decay estimates
M
4, /∇[r−
3
2S
′] + I5, /∇[r−
3
2S
′] . D5[S ′]. (28)
The flux norms in (27) and the integrated decay norms in (28) are such that, via now the Dafermos–Rodnianski
hierarchy [30] of r-weighted energies to be discussed in section 2.5.2 of the overview, one has by Sobolev
embedding the corollary:
Corollary (Uniform pointwise decay). The solution S ′ of Theorem 1, in addition to satisfying the uniform
r-weighted pointwise bounds ∣∣r− 12 S˚ ′∣∣ . D5[S ′],
in fact decays to the future at an inverse polynomial rate:∣∣r− 12 S˚ ′∣∣ . 1√
τ⋆
· D5[S ′].
In particular, the solution S˚m,a decays inverse polynomially to the linearised Kerr solution Km,a.
Here, τ⋆ is a function on M the level sets of which correspond to the aforementioned hypersurfaces which
penetrate both H+ and I+. See section 4.4.1 in the bulk of the paper for a precise definition.
We make the following remarks regarding Theorem 1.
The first remarks concern the loss of derivatives in the statement of the theorem. Indeed, the loss of
derivatives (at the top order) in (28) occurs due to the celebrated trapping effect and cannot be removed (see
sections 2.5.2 for further discussion. However, the loss in all but angular derivatives arises as a consequence of
applying elliptic estimates on the angular operators /T f and /T ξ to the solution S ′ as given in the Km,a-adapted
Regge–Wheeler gauge and is recoverable with further work (see our upcoming [5]).
The second remark concerns asymptotic flatness. Indeed, it is clear from the Corollary that pointwise
asymptotic flatness is not preserved for the solution S ′. Moreover, there is a loss in r-weights in the norms
of the Theorem statement26. However, this can be rectified by modifying the choice of the linear map Df
∣∣
gM
in section 2.1.3 and this modification shall be performed in our upcoming [5]. Since this procedure is slightly
cumbersome however, for the purposes of this paper we prefer the simpler choice of gauge which we have utilised
throughout.
The third remark concerns the initial data norm required in the statement of the theorem. Indeed, we only
requires a norm on the gauge-invariant quantities
(1)
Φ and
(1)
Ψ to be finite initially, and whether this is so can
be verified explicitly from the seed data alone. We further note that this initial data norm in fact propagates
under evolution.
The final remark concerns whether a variant of the above Theorem holds for other potential choices of a
generalised wave gauge. Indeed, the reader would agree that the most natural choice of the map f in section
2.1.3 would be the trivial one. In this case, the additional tensorial structure of the resulting equations (8)-(9)
makes there analysis rather complicated. However, by appealing to a remarkable Maxwell-like structure within
those equations, one can indeed formulate a weak version of the above Theorem for the linearised Einstein
equations in such a gauge. See our upcoming [5].
26We are quite wasteful with the loss here – in fact, for any quantity other than
(1)
g associated to the solution S one can replace
the weight r−
3
2 to r−1.
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2.5.2 Aside: The scalar wave equation on the Schwarzschild exterior spacetime
We now make a brief aside to discuss a certain analogue of Theorem 1 which is known to hold for the simpler
case of the scalar wave equation gMψ = 0 on
(M, gM) – the main objective here then is to motivate the norms
that appear in the statement of Theorem 1. Conversely, we point the reader to [1] for a definitive review as to
how one obtains these results.
We consider a smooth solution ψ to the scalar wave equation on Schwarzschild:
gMψ = 0. (29)
We associate to ψ the flux norms:
Fp[ψ] : = sup
τ⋆≥τ⋆0
∫
Ξτ⋆∩{r≤R}
(
|∂t∗ψ|2 + |∂rψ|2 + | /∇ψ|2
)
dr dσˆ + sup
τ⋆≥τ⋆0
∫
Ξτ⋆∩{r≥R}
(
rp|∂v(rψ)|2 + | /∇(rψ)|2
)
dv dσˆ,
(30)
Dp[ψ] : =
∫
Σ
rp
(
|∂t∗(rψ)|2 + |∂r(rψ)|2 + | /∇(rψ)|2
)
dr dσˆ (31)
along with the integrated decay norms:
Ip[ψ] :=
∫ ∞
τ⋆0
∫
Ξτ⋆∩{r≤R}
(r − 3M)2
(
|∂t∗(rψ)|2 + |∂r(rψ)|2 + | /∇(rψ)|2 + |(rψ)|2
)
dτ⋆ dr dσˆ
+
∫ ∞
τ⋆0
∫
Ξτ⋆∩{r≥R}
rp−1
(
|∂v(rψ)|2 + (2− p)| /∇(rψ)|2
)
dτ⋆ dv dσˆ, (32)
M[ψ] :=
∫ ∞
τ⋆0
∫
Ξτ⋆
r−3
(
|∂t∗(rψ)|2 + |∂r(rψ)|2 + | /∇(rψ)|2 + |(rψ)|2
)
dτ⋆ dr dσˆ. (33)
Here, σˆ is the volume form on the unit round sphere, ∂v is the null vector27 (in Schwarzschild-star coordinates)
∂v := (1 + µ)∂t∗ + (1− µ)∂r
and Ξτ⋆ is the level set of the function:
τ⋆ :=
{
t∗ r ≤ R
u r ≥ R,
where ∂vu = 0 and u|r=R = t∗. The flux norms (30) and (31) thus denote energy norms containing all tangential
and normal derivatives to Ξτ⋆ and Σ.
The above defined norms28 are the scalar wave prototypes of those found in the statement of Theorem 1
where p = 2. Indeed, one has the following theorem which yields an analogue of Theorem 1 for the scalar wave
equation on Schwarzschild.
Theorem (Dafermos–Rodnianski - [29], [30]). Let ψ be a smooth solution to (29). Then for any n ≥ 1 the
following estimates hold, provided that the fluxes on the right hand side are finite.
i) for 0 ≤ p ≤ 2 the r-weighted flux estimates
F
n
p [ψ] + I
n
p [ψ] . D
n
p [ψ]. (34)
ii) the integrated decay estimate
M
n−1[ψ] . Dn[ψ]. (35)
Here, the above are natural higher order norms defined by replacing ψ in (30)-(33) with the appropriate
derivatives.
We note the loss of derivative in the integrated decay estimate - this is a consequence of the celebrated
trapping effect on black hole spacetimes, arising in this instance from the existence of trapped null geodesics
at r = 3M . Indeed, a result of Sbierski [56] shows that a statement such as (35) cannot hold without a loss of
derivative. In fact, the authors of [58] improve the loss in (35) to only a logarthimic loss.
27In the bulk of the paper we actually use a null geodesic vector field to define both the norm and the foliation as this is more
geometric - the choice of ∂v here is for ease of presentation. A similar remark holds for the function τ
⋆.
28The full norms we consider actually require supplementing the above with extra flux norms, in particular a flux norm along
future null infinity. See section 10.1.
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2.5.3 Outline of the proof of Theorem 1
We return now to the equations of linearised gravity by discussing the proofs of Theorems 1. In fact, as
previously discussed in section 2.4, the proof essentially follows from the ellipticity of the operators /T f and /T ξ
combined with the following Theorem regarding solutions to the Regge–Wheeler and Zerilli equations and shall
therefore not be discussed further.
For further details of the proof, see section 11 in the bulk of the paper.
Indeed, the result we are to use is as follows.
Theorem 2. Let Φ,Ψ ∈ Λ(M) be smooth solutions to the Regge–Wheeler and Zerilli equations respectively:
˜Φ+ /∆Φ = − 6
r2
M
r
Φ, ˜Ψ+ /∆Ψ = − 6
r2
M
r
Ψ+
24
r3
M
r
(r − 3M)/ζ [1]Ψ+ 72
r5
M
r
M
r
(r − 2M)/ζ [2]Ψ.
We assume finiteness of the initial flux norms
D
5[r−1Φ, r−1Ψ].
Then the following estimates hold.
i) the flux estimates
F
5[r−1Φ, r−1Ψ] . D5[r−1Φ, r−1Ψ]
ii) the integrated decay estimates
M
4[r−1Φ, r−1Ψ] + I5[r−1Φ, r−1Ψ] . D5[r−1Φ, r−1Ψ]
In addition, for any τ⋆ ≥ τ⋆0 , one has the decay estimates
E
3[r−1Φ, r−1Ψ](τ⋆) .
1
τ⋆2
· D5[r−1Φ, r−1Ψ].
We note that the presence of the r-weight in the theorem statement is necessary as one expects solutions
to the Regge–Wheeler and Zerilli equations to be only bounded on future null infinity. Indeed
˜ ·+ /∆· = r(r−1·) + 1
r
µ
r
· .
That a result such as Theorem 2 holds in by now well-known in the literature (see [22], [24], [25] and [26])
and shall therefore be applied freely in this paper, although for completeness we shall present a proof in our
upcoming [5].
So ends our detailed overview regarding the linear stability of the Schwarzschild exterior family as solutions
to the Einstein vaccum solutions when expressed in a generalised wave gauge. Before we begin the paper proper
however in the next section we shall state the conjecture due to Dafermos, Holzegel and Rodnianski that relates
to a restricted nonlinear stability result for the Schwarzschild exterior family which the results of this paper
should be in principle sufficient to resolve in the affirmative.
2.6 The restricted nonlinear stability conjecture of Dafermos, Holzegel and Rodnianski
The conjecture, lifted verbatim from [1], is as follows.
Conjecture (Dafermos–Holzegel–Rodnianski, [1]). Let (ΣM , g¯M ,KM ) be the induced data on a spacelike asymptotically
flat slice of the Schwarzschild solution of mass M crossing the future horizon and bounded by a trapped surface.
Then in the space of all nearby vacuum data (Σ, g¯,K), in a suitable norm, there exists a codimension-3 subfamily
for which the corresponding maximal vacuum Cauchy development (M, g) contains a black-hole exterior region
(characterized as the past J−(I+) of a complete future null infinity I+), bounded by a non-empty future
affine-complete event horizon H+, such that in J−(I+) (a) the metric remains close to gM and moreover
(b) asymptotically settles down to a nearby Schwarzschild metric gM˜ at suitable inverse polynomial rates.
Consequently, the body of work we are about to present, discussed in detail over the previous sections of
the overview, is in principle sufficient to try and resolve the above conjecture in the affirmative.
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3 The Einstein vacuum equations in a generalised wave gauge
In this section we introduce the notion of a generalised wave gauge on an abstract Lorentzian manifold and
then review the structure of the Einstein vacuum equations when expressed in such a gauge.
It is these equations that we shall linearise about a fixed Schwarzschild exterior solution in section 5.
3.1 The generalised wave gauge
In this section we provide the definition of a generalised wave gauge on an abstract Lorentzian manifold as it
is found in [10].
We note that the specification of such a gauge plays a vital role in the works [32] and [35].
Let
(
M,g
)
and
(
M,g
)
be 3 + 1 Lorentzian manifolds with29 f : T 2(M) × T 2(M) → TM a smooth
map.
Then we say that g is in a generalised f -wave gauge with respect to g iff the identity map
Id :
(
M,g
)→ (M,g)
is an f(g,g)-wave map. Denoting by Cg,g the connection tensor of g and g,(
Cg,g
)
α
βγ :=
1
2
(
g−1
)αδ(
2∇(βgγ)δ −∇δgβγ
)
(36)
with∇ the Levi-Civita connection associated to g, the imposition of such a gauge is equivalent to the condition
g−1 ·Cg,g = f(g,g). (37)
3.2 The Einstein equations
In this section we present the vacuum Einstein equations assuming that a generalised wave has been imposed.
Indeed, if g is in a generalised f–wave gauge with respect to g the vacuum Einstein equations for g,
Ricαβ[g] = 0,
take the following form:(
g−1
)γδ
∇γ∇δgαβ + 2C
γ
δǫ · gγ(α∇β)
(
g−1
)δǫ − 4gδǫCǫβ[α∇γ](g−1)γδ − 4Cδβ[αCγγ]δ + 2gγδgǫ(αRiem ǫβ)γδ
= 2gγ(α∇β)f
γ(g,g).
(38)
Here, Riem is the Riemann tensor of g and C is defined as in (36).
4 The exterior Schwarzschild background
In this section we define the Schwarzschild exterior spacetime as well as introducing various background objects
and operations that shall prove vital throughout the remainder of the paper.
29Here we recall the notation T k(M) for the space of k-covariant tensor fields on M.
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4.1 The differential structure and metric of the Schwarzschild exterior spacetime
We begin in this section by defining the differential structure and metric of the Schwarzschild exterior spacetime(M, gM).
Let M > 0 be a fixed parameter.
We define the smooth manifold with boundary
M := (−∞,∞)× [2M,∞)× S2
and endow it with the coordinate system
(
t∗, r, θ, ϕ
)
. Here S2 is the 2-sphere with (θ, ϕ) the standard angular
coordinates. Equipping M with the smooth Ricci-flat Lorentzian metric
gM = −
(
1− 2M
r
)
dt∗2 +
4M
r
dt∗ dr +
(
1 +
2M
r
)
dr2 + r2g˚, (39)
with g˚ the metric on the unit round sphere, thus defines the Schwarzschild exterior spacetime (of mass M) as
the Lorenztian manifold with boundary
(M, gM). It is moreover time-orientable, with time-orientation given
by the hypersurface-orthogonal vector field
T = ∂t∗ .
The boundary of M, which we denote by
H+ := (−∞,∞)× {2M} × S2,
is a null hypersurface termed the future event horizon.
Subsequently, the coordinate system described by the coordinates (t∗, r, θ, ϕ), the standard degeneration
of the angular coordinates understood, defines30 the so-called Schwarzschild-star coordinate system on M.
Observe thus that the coordinate r is an area radius function for the 2-spheres:
Area
(
S2t∗,r
)
= 4πr2
with
S2t∗,r := {t} × {r} × S2 ⊂M.
It is moreover manifest that the generators Ω of the rotation group SO(3) and the causal vector field T are
Killing fields for gM :
LΩgM = 0, LT gM = 0.
The Schwarzschild exterior spacetime is thus both static and spherically symmetric.
A Penrose diagram of the exterior Schwarzschild spacetime can be found in section 4.4.
4.2 The 2+2 formalism
We continue in this section by detailing the so-called 2 + 2 formalism on M.
We shall make heavy use of the enlargened mathematical toolbox this formalism provides throughout the
paper.
4.2.1 The 2+2 decomposition of tensor fields on M
We begin by employing this formalism to decompose tensor fields on M into Q-tensors, S-tensors and Q ⊗
S-tensors respectively.
Observe that one can express the manifold M as
M = Q× S2
30Strictly speaking there is a ambiguity up to translations by a constant in the time function t∗. This will be removed in section
4.3.1 by the specification of the initial hypersurface Σ.
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where31
Q ∼= R×H
is a manifold with boundary. Consequently, if V is a vector field on M then we say
• V is a Q-vector field iff V
(
f
∣∣
S2
)
= 0 for all smooth functions f
∣∣
S2
on S2
• V is an S-vector field iff V
(
f
∣∣
Q
)
= 0 for all smooth functions f
∣∣
Q
on Q
This leads to the following definition.
Definition 4.2.1. Let T be an n-covariant tensor field on M. Then we say that T is an n-covariant Q-tensor
field iff T vanishes when acting on any S-vector field /V :
T
(·, ..., /V , ..., ·) = 0.
Conversely, we say that T is an n-covariant S-tensor field iff T vanishes when acting on any Q-vector field V˜ :
T
(·, ..., V˜ , ..., ·) = 0.
Finally, if T is a symmetric 2-covariant tensor field on M, then we say that T is a Q⊗ S 1-form iff T vanishes
when acting purely on Q-vector fields V˜ or purely on S-vector fields /V :
T
(
V˜1, V˜2
)
= T
(
/V 1, /V 2) = 0.
Note by convention we set a 0-covariant Q-tensor field and a 0-covariant S-tensor field to be simply a scalar
field on M.
Given any tensor field on M one projects it onto Q-tensor fields and S-tensor fields as follows.
First, let V be a vector field on M. Then we define
• the projection of V onto QM is the Q-vector field V˜ defined by V˜
(
f
∣∣
Q
)
= V
(
f
∣∣
Q
)
for every smooth
function f
∣∣
Q
on Q
• the projection of V onto S2
M
is the S-vector field /V defined by /V
(
f
∣∣
S
)
= V
(
f
∣∣
S
)
for every smooth
function f
∣∣
S
on S2
This leads to the subsequent definition.
Definition 4.2.2. Let T be an n-covariant tensor field on M. Then we define the projection of T onto QM to
be the n-covariant Q-tensor T˜ defined by
T˜
(
V1, ..., Vn
)
= T
(
V˜1, ..., V˜n
)
,
where V1, ..., Vn are an n-tuple of vector fields on M with V˜1, ..., V˜n the relative projections onto QM.
Conversely, we define the projection of T onto S2
M
to be the n-covariant S-tensor /T defined by
/T
(
V1, ..., Vn
)
= T
(
/V 1, ..., /V n
)
,
where V1, ..., Vn are an n-tuple of vector fields on M with /V 1, ..., /V n the projections onto S2M.
Finally, if T is a symmetric 2-covariant tensor field onM then we define the projection of T onto QM×S2M
to be the Q⊗ S 1-form T defined by
T
(
V1, V2
)
= T
(
V˜1, /V 2
)
+ T
(
/V 1, V˜2
)
.
Note that a symmetric 2-covariant tensor T is completely specified by the projections T˜,T and /T.
One can use this to define the projection of maps
f˜(T,T′) := f(T˜, T˜′)
A particularly useful application of this decomposition is to the Schwarzschild metric gM . Indeed
31Here H is the half-space, not to be confused with the event horizon.
23
• the projection of gM onto QM results in the symmetric 2-covariant Q-tensor g˜M which we refer to as a
Q-metric
• the projection of gM onto QM × S2M is trivial
• the projection of gM onto S2M results in the symmetric 2-covariant S-tensor /gM which we refer to as an
S-metric
Note that, in light of spherical symmetry,
LΩg˜M = 0, /gM = r2g˚.
4.2.2 Tensor analysis
We now develop a series of natural operations and differential operators on tensor fields on M that arise as a
result of the 2 + 2 formalism of the previous section, in particular the 2 + 2 decomposition of the metric gM .
We begin with the operations.
In what follows, ǫ˜ and /ǫ are the unique 2-forms on M such that −ǫ˜ ·˜ ǫ˜ = /ǫ /· /ǫ = 2. Moreover, T and
T′ denote n-covariant and m-covariant tensor fields on M respectively with t and t′ denoting 1-forms on M.
Finally, we shall employ abstract index notation.
• the index raising operators ♯˜ and /♯ are defined by(
T♯˜
)a1
a2...an
:= g˜a1bM Tba2...an,
(
T/♯
)a1
a2...an
:= /g
a1b
M
Tba2...an
• the contraction operators ·˜ and /· are defined by
(T ·˜T′)am+1...an := Ta1...amam+1...anT′b1...bm g˜a1b1M ...g˜ambmM , (T /· T′)am+1...an := Ta1...amam+1...anT′b1...bm g˜a1b1M ...g˜ambmM
• the norm |.|/g operator are defined by
|T|2/gM := T /· T
• the trace operators trg˜ and /tr are defined by
trg˜T := g˜M ·˜T, trg˜T := /gM /· T
• the symmetrised product operator (on 1-forms) ⊗ is defined by(
t⊗ t′)
ab
:= tat
′
b + tbt
′
a
• the traceless symmetrised product operators ˆ˜⊗ and /ˆ⊗ are defined by(
t ˆ˜⊗t′)
ab
:= tat
′
b + tbt
′
a −
(
g˜M
)
ab
tct′c,
(
t /ˆ⊗t′)
ab
:= tat
′
b + tbt
′
a −
(
/gM
)
ab
tct′c
• the Hodge star operators ⋆˜ and /⋆ are defined by
⋆˜t := ǫ˜ ·˜ t, /⋆t := /ǫ /· t
Next are the differential operators.
In what follows, D˜ and /D are the unique derivative operators onM such that D˜g˜M = /D/gM = 0. Moreover,
p denotes a p-form on M and V, V1, ..., Vp denote smooth vector fields on M.
• the derivative operators ∇˜ and /∇ are defined by
∇˜V T := D˜V˜ T, /∇V T := /D /V T
• the exterior derivative operators d˜ and /d are defined by(
d˜p
)(
V1, ..., Vp
)
:=
(
dp
)(
V˜1, ..., V˜p
)
,
(
/dp
)(
V1, ..., Vp
)
:=
(
dp
)(
/V 1, ..., /V p
)
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• the divergence operators δ˜ and /div are defined by
δ˜T := −trg˜
(∇˜T), /divT := /tr( /∇T)
• the wave operator ˜ and the Laplace operator /∆ are defined by
˜T := −δ˜(∇˜T), /∆T := /div( /∇T)
• the curl operators (⋆˜d˜) and /curl are defined by
⋆˜d˜t :=
1
2
ǫ˜ ·˜ d˜t, /curlt := 1
2
/ǫ /· /dt
Lastly, we end the section by introducing the following notation:
• ∇˜ ⊗ t and /∇⊗ t denote the Lie derivatives Lt♯ g˜M and Lt♯/gM respectively
• ∇˜⊗ˆt and /∇⊗ˆt denote the traceless Lie derivatives Lt♯ g˜M + g˜M ·˜ δ˜t and Lt♯/gM − /gM · /divt respectively
• for an n-tuple of vector fields V1, ..., Vn we denote by TV1...Vn the contraction (((T · V1) · V2)...) · Vn
4.3 The Cauchy hypersurface Σ
In this section we consider a foliation of
(M, gM) by Cauchy hypersurfaces Σt∗ , thus identifying an initial
Cauchy hypersurface Σ. In addition, a restricted version of the 2 + 2 formalism to the hypersurface Σ is
detailed.
Initial data for the equations of linearised gravity will be prescribed on Σ in section 8.3 with the aid of this
restricted formalism.
4.3.1 The Cauchy hypersurface Σ
We define the manifolds with boundary
Σt∗ := {t∗} × [2M,∞)× S2.
As the gradient of t∗ is globally time-like onM, the family Σt∗ describe a foliation ofM by Cauchy hypersurfaces.
We henceforth fix an initial time t∗0:
Σ := Σt∗0 .
The initial hypersurface Σ comes equipped with the Riemannian metric
hM = (1 + µ) dr
2 + r2g˚
along with the associated second fundamental form
k :=
1
2
LnhM = 1
2
1
h¯
µ
r
(2 + µ) dr2 − µ
h¯
rg˚.
Here, n is the future-pointing unit normal to Σ
n = h¯ ∂t∗ − µ
h¯
∂r
where we have defined the lapse function
h¯ :=
√
1 + µ.
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4.3.2 Sν-tensor analysis
We consider now a foliation of Σ by the 2-spheres S2r given as the level sets of the areal function r. Associated
to this foliation is the inward pointing unit normal
ν =
1
h¯
∂r.
This leads to the following definition.
Definition 4.3.1. Let {ν, e1, e2} be a frame on Σ. Then we say that a smooth n-covariant tensor field H on
Σ is an n-covariant Sν-tensor field if
H(·, ..., ν, ..., ·) = 0.
Given a symmetric 2-covariant tensor field H on Σ one projects it onto the function H¯ on Σ, the Sν 1-form
H and the symmetric 2-covariant Sν-tensor field as follows:
H¯ := H(ν, ν), (40)
H(eI) := H(ν, eI), (41)
/H(eI , eJ ) := H(eI , eJ ). (42)
It is natural to decompose the latter into its trace and trace-free parts with respect to the induced metric /gM
on S2r :
/H = /ˆH +
1
2
/gM · /tr /H.
A particularly useful application of this procedure is for the second fundamental form k.
First one decomposes k into its trace and tracefree parts with respect to hM :
k = kˆ +
1
3
h · trk, trk = −1
2
µ
h¯
1
r
2 + 3µ
1 + µ
.
Decomposing kˆ according to (40)-(42) then yields (supressing the hat notation):
k¯ =
1
3
µ
h¯
1
r
4 + 3µ
1 + µ
,
/tr/k = −k¯,
k = /ˆk = 0.
Lastly, one has a natural calculus on Sν tensor fields induced from (Σ, hM ).
Indeed, the ‘angular’ operations introduced in section 4.2.2 have analagous definitions for Sν-tensor fields.
In addition, for smooth Sν-tensor fields we define the differential operator /∇ν as corresponding to the action of
covariant differentiation (with respect to hM ) in the direction ν:
/∇νH¯ = LνH¯,
/∇νH = LνH −
1
h¯
1
r
H,
/∇ν /H = Lν /H −
1
h¯
2
r
/H.
4.4 The τ ⋆-foliation
In this section we define a foliation of D+(Σ) by hypersurfaces which coincides with the foliation of D+(Σ) by
the hypersurfaces Σt∗ in a compact region of spacetime and with a foliation of D+(Σ) by null-hypersurfaces in
the non-compact region. A Q-frame32 which is adapted to this foliation is then defined.
It is through this foliation that we will capture the dispersive properties of solutions to the equations of
linearised gravity. Moreover, the introduction of the frame will prove useful in the later analysis.
32A frame for Q-vector fields on M.
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4.4.1 A foliation of D+(Σ) that ‘penetrates’ both H+ and I+
To define this foliation we first introduce the following null geodesic vector field L on D+(Σ):
∇LL = 0, (43)
L
∣∣
Σ
= h¯
(
n+ ν
)
. (44)
Here, ∇ is the Levi-Civita connection of gM . This determines an optical function U according to
LU = 0,
U
∣∣
Σ
= t∗0 − r
along with the rescaled optical function
u := − log(U − t∗0 + 2M) + t∗0 + log(2M −R).
Defining thus the function
τ⋆(t∗, r, θA) =
{
u(t∗, R, θA) r ≤ R
u(t∗, r, θA) r ≥ R
the desired foliation arises as the union of the level sets Ξτ⋆ of the function τ⋆:
D+(Σ) =
⋃
τ⋆∈R
Ξτ⋆.
Here, θA is any coordinate chart on S2 and R >> 10M is a fixed constant.
We shall informally refer to the limiting sphere as r →∞ along each hypersurface Ξτ⋆ as a sphere on future
null infinity I+. The function τ⋆ thus serves to parametrise I+. Moreover, we observe that τ⋆ is an increasing
function of t∗ with τ⋆
∣∣
Σ∩{r≤R}
= t∗0. This yields the Penrose diagram of Figure 3.
H
+ I+
r
=
R
Ξ τ
∗
1
Ξ τ
∗
2
Σ1
Σ2
Figure 3: A Penrose diagram of
(M, gM) depicting the hypersurfaces Σt∗ and Ξτ⋆ .
We further present in Figure 4 a Penrose diagram depicting the spacetime region given as the future of the
(initial) hypersurface Ξτ⋆0 .
4.4.2 The Q-frame {S,L}
We now introduce a Q-frame on D+(Σ) adapted to the τ⋆-foliation of the previous section.
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H
+ I+
Σ
Ξ τ
∗
0
Figure 4: A Penrose diagram of
(M, gM) depicting the causal future of Ξτ⋆0 .
In what follows, S is the inward pointing (towards I+) unit normal to the 2-sphere given as the level set of
the area radius function r in the hypersurface Ξτ⋆ . Moreover, we define the smooth function κ = 1− 2Mt∗0−U on
D+(Σ) noting33 that on H+
κ
1− µ =
(
1 + 2(e
1
4M
t∗ − e 14M t∗0)
)−1
.
Proposition 4.4.1. The vector fields S and L are linearly independent Q-vector fields on the spacetime region
D+(Σ). In particular, the set {S,L} determines a (smooth, spherically symmetric) Q-frame on D+(Σ) with
g˜M (S, S) = 1, g˜M (S,L) = h¯
κ
1− µ, g˜M (L,L) = 0 (45)
and the (smooth) connection coefficients
∇˜SS = −1
2
1
h¯3
µ
r
S +
1
2
1
h¯2
µ
r
2 + µ
1 + µ
1− µ
κ
L, ∇˜SL = − h¯
2
1
1− µ
(
µ
r
− 1
M
(1− κ)2
2− κ
)
L, (46)
∇˜LS = 1
2
1
1 + µ
µ
r
(
1− κ
1− µ
)
S − 1
2
1
h¯
3 + µ
1 + µ
µ
r
L, ∇˜LL = 0. (47)
Moreover,
∇˜Sκ = 1
2
h¯
M
(1− κ)2
2− κ
κ
1− µ, ∇˜Lr = κ. (48)
Proof. The first statement follows from spherical symmetry of
(M, gM) and uniqueness of solutions to (43)-(44).
This immediately gives the first and third parts of (45) from the metric (39).
To prove the remaining parts of (45)-(47) we follow Christodoulou in [59].
Indeed, first we introduce the null second fundamental form χ:
2χ : = LL/gM ,
=
2
r
∇˜Lr/gM . (49)
Decomposing χ into its trace and trace-free parts
χ = χˆ+
1
2
/gM · /trχ
33To show this one derives from (48) the propagation equation ∇˜L
κ
1−µ
= − 1
2M
κ2
(1−µ)2
along H+ and then one observes that on
H+ L = e
t
∗
4M T .
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one has by the Raychauduhri equation ((3.1c) of [59])
∇˜L /trχ+ 1
2
(/trχ)2 = −χˆ /· χˆ.
However, since by spherical symmetry χˆ = 0 (see Proposition 4.5.7) it follows that
∇˜2Lr = 0.
Hence by the initial condition (44)
∇˜Lr = κ.
In particular, as ∇˜T r = 0, ∇˜Sr = h¯−1 and L is future-directed34 one has
T =
1− µ
1 + µ
(
κ−1L− h¯ S
)
thus yielding the first part of (46) and moreover completing (45).
To continue we introduce the conjugate, future-directed null vector to L:
L := −2
h¯
1− µ
κ
S +
1
1 + µ
(1− µ)2
κ2
L. (50)
As L is the unique such null vector with g˜M (L,L) = −2 it follows from spherical symmetry and (2.3)-(2.4),
(4.1g) and (4.3) of [59] that
∇˜LL = 0, ∇˜LL = −2ω L. (51)
Here, the smooth function ω on D+(Σ) satisfies the propagation equation
∇˜Lω = 1
r
µ
r
.
Consequently, as L− (1 + µ)L = 2h¯ S it follows from (46) and (51) that on Σ
ω =
1
2
1
1 + µ
µ
r
and so
ω = −1
2
µ
r
1
κ
+
1
2
1
M
(1− κ)2
2− κ
1
κ
thus completing (46)-(47).
Finally, to derive the formulae of (48) one uses (50) along with the fact that ∇˜LL = 2ω L.
Note that the last conclusion of Proposition 4.4.1 in particular allows one to express all operations introduced
in section 4.2.2 with respect to the frame {S,L}.
The introduction of the frame also allows for a pointwise norm acting on tensor fields to be defined.
Definition 4.4.2. We define the (pointwise) norm |·|M acting on Q-tensor fields, Q⊗ S 1-forms and S-tensor
tensor fields as follows.
If Q, q and f are respectively a symmetric 2-covariant Q-tensor, a Q 1-form and a function on D+(Σ) then
|Q|2
M
: = 2|QSSQLL|+ |QSL|2 + 2|QSLQLL|+ |QLL|2,
|q|2
M
: = 2|qSqL|+ |qL|2,
|f |2
M
: = |f |2.
Conversely, if Θ is an n-covariant S-tensor then
|Θ|2
M
:= |Θ|2/g.
Finally, if ω is a Q⊗ S 1-form then
|ω|2
M
:= |ωSωL|/g + |ωL|2/g.
34As u is an increasing function with respect to t∗.
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4.5 The projection of tensor fields on M onto and away from the l = 0, 1 spherical
harmonics
In this section we provide a notion of tensor fields onM having support on and outside of the l = 0, 1 spherical
harmonics and then define a projection map onto each respective space.
In section 9 we will establish an identification between the projection of a solution to the equations of
linearised gravity onto l = 0, 1 and stationary solutions to said equations.
This section follows closely section 4.4 of [1].
4.5.1 The l = 0, 1 spherical harmonics and the spherical harmonic decomposition
We recall the well known spherical harmonics Y lm with l ∈ N and m ∈ {−l, ..., 0, ...l}. We explicitly note the
form of the l = 0 and l = 1 modes
Y l=0m=0 =
1√
4π
(52)
Y l=1m=−1 =
√
3
4π
sin θ cosϕ, Y l=1m=0 =
√
3
8π
cos θ, Y l=1m=1 =
√
3
4π
sin θ sinϕ. (53)
Definition 4.5.1. Let f be a smooth function on S2.
Then we say that f is supported only on l = 0, 1 iff for l ≥ 2∫
S2
f · Y lm d˚ǫ = 0
where ǫ˚ is the volume form associated to the unit metric on the round sphere.
Conversely, we say that f has vanishing projection to l = 0, 1 iff for l = 0, 1∫
S2
f · Y lm d˚ǫ = 0.
This leads to the classical spherical harmonic decomposition of square integrable functions on S2.
Proposition 4.5.2. Let f ∈ L2(S2). Then one has the unique, orthogonal decomposition
f = fl=0,1 + f
′
where the function fl=0,1 ∈ L2(S2) is supported only on l = 0, 1 and the function f ′ ∈ L2(S2) has vanishing
projection to l = 0, 1.
The remainder of this section is concerned with generalising this result to tensor fields on M.
4.5.2 The l = 0, 1 spherical harmonics and Q-tensors
We begin with Q-tensors.
In what follows n ≥ 0 is an integer and we denote by S2τ⋆,r the 2-sphere given as the intersection of the level
sets of the functions τ⋆ and r on M.
Definition 4.5.3. Let Q be a smooth n-covariant Q-tensor.
Then we say that Q is supported only on l = 0, 1 iff for l ≥ 2 all components of Q in the frame {S,L} satisfy∫
S2
τ⋆,r
Q···S···L··· · Y lm d˚ǫ = 0.
Conversely, we say that Q has vanishing projection to l = 0, 1 iff for l = 0, 1 all components of Q in the
frame {S,L} satisfy ∫
S2
τ⋆,r
Q···S···L··· · Y lm d˚ǫ = 0.
We shall denote by Λ(M) the space of Q-tensor fields that have vanishing projection to l = 0, 1.
Subsequently, applying Proposition 4.5.2 to each frame component yields the following.
Proposition 4.5.4. Let Q be a smooth n-covariant Q-tensor field. Then one has the unique, orthogonal
decomposition
Q = Ql=0,1 +Q
′
where the smooth n-covariant Q-tensor Ql=0,1 is supported only on l = 0, 1 and Q′ ∈ Λ(M).
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4.5.3 The l = 0, 1 spherical harmonics and Q⊗ S 1-forms
Next we consider Q⊗ S 1-forms.
First we recall the classical Hodge decomposition of smooth 1-forms on S2
ξ = /D⋆1
(
ξe, ξo
)
.
Here, ξe and ξo are smooth functions on S2. This decomposition is unique if one assumes that the smooth
functions ξe and ξo have vanishing mean over S2 and can be readily extended to smooth Q⊗S 1-forms by using
the frame {S,L}. This leads to the following definition, an analogue of which for smooth S 1-forms was first
given in [1].
Definition 4.5.5. Let ω be a smooth Q⊗ S 1-form.
Then we say that ω is supported only on l = 0, 1 iff the two smooth Q 1-forms ωe and ωo in the unique
representation
ω = /D⋆1
(
ωe, ωo
)
are supported only on l = 0, 1 and moreover have vanishing mean on every 2-sphere S2τ⋆,r.
Conversely, we say that ω has vanishing projection to l = 0, 1 iff ωe, ωo ∈ Λ(M).
Linearity and Proposition 4.5.4 then yields the desired decomposition of smooth Q⊗ S 1-forms.
Proposition 4.5.6. Let ω be a smooth Q⊗ S 1-form. Then one has the unique, orthogonal decomposition
ω = ωl=0,1 + ω
′
where the smooth Q⊗ S 1-form ω is supported only on l = 0, 1 and ω′ has vanishing projection to l = 0, 1.
4.5.4 The l = 0, 1 spherical harmonics and symmetric, traceless 2-covariant S-tensors
Now we consider symmetric, traceless 2-covariant S-tensors.
One has the following proposition, proved in [1], which establishes the sense in which all smooth, symmetric,
traceless, 2-covariant S-tensors have vanishing projection to l = 0, 1.
Proposition 4.5.7. Let θ be a smooth, symmetric, traceless 2-covariant S-tensor. Then θ can be uniquely
represented as
θ = /D⋆2 /D⋆1
(
θe, θo
)
where θe, θo ∈ Λ(M) are smooth functions.
4.5.5 The l = 0, 1 spherical harmonics and Sν-tensors
Our final considerations are Sν-tensors.
Analagously to the previous three sections one has the following.
In the sequel, we denote by Λ(Σ) the space of smooth functions on Σ having vanishing projection to l = 0, 1.
Proposition 4.5.8. Let f be a smooth function on Σ. Then one has the unique, orthogonal decomposition
f = fl=0,1 + f
′
where fl=0,1 is a smooth function on Σ supported only on l = 0, 1 and f ′ ∈ Λ(Σ) is smooth.
Moreover, if ξ is a smooth Sν 1-form then one has the unique, orthogonal decomposition
ξ = ξl=0,1 + ξ
′
where ξl=0,1 is a smooth Sν 1-form supported only on l = 0, 1 and ξ′ is a smooth S 1-form with vanishing
projection to l = 0, 1 (cf. Definition 4.5.5).
Finally, if θ is a smooth, symmetric, traceless 2-covariant Sν-tensor then θ can be uniquely represented as
θ = /D⋆2 /D⋆1
(
θe, θo
)
where θe, θo ∈ Λ(Σ) are smooth.
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4.5.6 The projection onto and away from l = 0, 1
We end this section by defining a projection mapping onto and away from the space of tensor fields supported
only on l = 0, 1.
In what follows, n ≥ 0 is an integer.
Definition 4.5.9. Let Q be a smooth n-covariant Q-tensor field with ω a smooth Q⊗ S 1-form and let f be
a smooth function on Σ with ξ a smooth Sν 1-form.
Then we respectively call the maps
Q→ Ql=0,1,
ω → ωl=0,1
and
f → fl=0,1,
ξ → ξl=0,1
the projection of Q,ω and f, ξ onto l = 0, 1.
Conversely, we respectively call the maps
Q→ Q′,
ω → ω′
Q→ Q′,
ω → ω′
the projection of Q,ω and f, ξ away from l = 0, 1.
4.6 Elliptic estimates on 2-spheres
In this section we introduce various elliptic operators on 2-spheres for which elliptic estimates are derived.
These operators will play an important role throughout the paper.
4.6.1 Norms on spheres
First we define norms on 2-spheres through which the elliptic estimates are to be measured. Importantly, these
norms shall respect the τ⋆-foliation of section 4.4.
Definition 4.6.1. Let m ≥ 0 be an integer. Then we define the norm || · ||Hm
τ⋆,r
acting on Q-tensor fields, Q⊗S
1-forms and S-tensor tensor fields as follows.
If Q, q and f are respectively a symmetric 2-covariant Q-tensor, a Q 1-form and a function on D+(Σ) then
||Q||2Hm
τ⋆,r
: =
1
r2
∫
S2
τ⋆,r
m∑
i=0
(
2|(r /∇)iQSS /· (r /∇)iQLL|+ |(r /∇)iQSL|2/g + 2|(r /∇)iQSL /· (r /∇)iQLL|+ |(r /∇)iQLL|2/g
)
/ǫ,
||q||2Hm
τ⋆,r
: =
1
r2
∫
S2
τ⋆,r
m∑
i=0
(
2|(r /∇)iqS /· (r /∇)iqL|+ |(r /∇)iqL|2/g
)
/ǫ,
||f ||2Hm
τ⋆,r
: =
1
r2
∫
S2
τ⋆,r
m∑
i=0
|(r /∇)if |2/g/ǫ.
Conversely, if Θ is an n-covariant S-tensor then
||Θ||2Hm
τ⋆,r
: =
1
r2
∫
S2
τ⋆,r
m∑
i=0
|(r /∇)iΘ|2/g/ǫ.
Finally, if ω is a Q⊗ S 1-form then
||ω||2Hm
τ⋆,r
: =
1
r2
∫
S2
τ⋆,r
m∑
i=0
(
2|(r /∇)iωS /· (r /∇)iωL|+ |(r /∇)iωL|2/g
)
/ǫ.
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We denote by Hmτ⋆,r the space of symmetric, 2-covariant Q-tensors, Q 1-forms, functions on M, Q ⊗ S
1-forms and symmetric, traceless 2-covariant S-tensors which have m weak derivatives in the sense defined
above on any 2-sphere S2τ⋆,r. For the case m = 0 we set H
0
τ⋆,r = L
2
τ⋆,r. We also denote by H
m
Σ,r the appropriate
restriction of Hmτ⋆,r to Σ.
Equipping either of these spaces with the canonical inner product yields a Hilbert space on every 2-sphere
S2τ⋆,r. In particular, the closed subspaces H
m,′
τ⋆,r and H
m,′
Σ,r of Hmτ⋆,r and H
m
Σ,r consisting of those tensor fields on
M and Σ having vanishing projection to l = 0, 1 is a Hilbert space on every 2-sphere S2τ⋆,r.
4.6.2 The family of operators /A
We continue by introducing a family of operators on M which shall ultimately serve as a shorthand notation
for controlling higher order angular derivatives of tensor fields onM and Σ when measured in the norms of the
previous section.
First we follow [1] by defining the family of /D operators through their action on tensor fields on M, with
their restriction to tensor fields on Σ immediate:
• the operator /D1 maps S 1-forms ξ to the pair of functions on M
/D1ξ =
(
/divξ, /curlξ
)
• the L2 (with respect to /gM ) adjoint /D
⋆
1 of /D1 maps pairs of functions on M into the S 1-form
/D⋆1(ρ, σ) = − /∇ρ− /⋆ /∇σ
• the operator /D2 maps symmetric, traceless, 2-covariant S-tensor fields into the S 1-form
/D2θ = /divθ
• the L2 (with respect to /gM ) adjoint /D
⋆
2 of /D2 maps S 1-forms ξ to the symmetric, traceless, 2-covariant
S-tensor
/D⋆2ξ = −
1
2
/∇⊗ˆξ
Moreover, by utilising the frame {S,L} one generalises the operators /D1 and /D⋆1 to acting on Q⊗ S 1-forms:
• the operator /D1 maps Q⊗ S 1-forms to the pair of Q 1-forms
/D1ω =
(
/divω, /curlω
)
• the L2 (with respect to /gM ) adjoint /D
⋆
1 of /D1 maps pairs of Q 1-forms into the Q⊗ S 1-form
/D⋆1(q, q′) = − /∇q − /⋆ /∇q′
Consequently, proceeding again as in [1], the family of operators /A are defined as follows, with their restriction
to Σ immediate:
• the operators /A[i]f are defined inductively as
/A[2i+1]f := r /∇/A[2i]f , /A[2i+2]f := −r /div/A[2i+1]f
with /A[1]f = r /∇
• the operators /A[i]ξ are defined inductively as
/A[2i+1]ξ := r /D1 /A[2i]ξ , /A[2i+2]ξ := r /D⋆1 /A[2i+1]ξ
with /A[1]ξ = r /D1
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• the operators /A[i]θ are defined inductively as
/A[2i+1]θ := r /D2 /A[2i]ξ , /A[2i+2]θ := r /D⋆2 /A[2i+1]ξ
with /A[1]θ = r /D2
Proposition 4.6.2. Let Q′ ∈ Hm,′τ⋆,r be a symmetric 2-covariant Q-tensor, ω′ ∈ Hm,′τ⋆,r be a Q ⊗ S 1-form and
let θ′ ∈ Hm,′τ⋆,r be a symmetric, traceless 2-covariant S-tensor respectively. Then for any 2-sphere S2τ⋆,r and any
integer m ≥ 0
‖Q′‖2Hm
τ⋆,r
. || /A[m]f Q′||2L2
τ⋆,r
,
‖ω′‖2Hm
τ⋆,r
. || /A[m]ξ ω′||2L2
τ⋆,r
,
‖θ′‖2Hm
τ⋆,r
. || /A[m]θ θ′||2L2
τ⋆,r
.
Proof. We prove the proposition first assuming smoothness of all quantities and then appeal to a density
arguement.
We first note the identities
/D⋆1 /D1 = − /∆+
1
r2
,
/D⋆2 /D2 = −
1
2
/∆+
1
r2
.
Computing thus in the frame {S,L} one finds that on every 2-sphere S2τ⋆,r
|| /A[1]f Q′||2L2
τ⋆,r
= ||r /∇Q′||2L2
τ⋆,r
, (54)
|| /A[1]ξ ω′||2L2
τ⋆,r
= ||r /∇ω′||2L2
τ⋆,r
+ ||ω′||2L2
τ⋆,r
, (55)
|| /A[1]θ θ′||2L2
τ⋆,r
=
1
2
||r /∇θ′||2L2
τ⋆,r
+ ||θ′||2L2
τ⋆,r
(56)
and
|| /A[2]f Q′||2L2
τ⋆,r
= ||r2 /∆Q′||2L2
τ⋆,r
,
|| /A[2]ξ ω′||2L2
τ⋆,r
= ||r2 /∆ω′||2L2
τ⋆,r
+ 2||r /∇ω′||2L2
τ⋆,r
+ ||ω′||2L2
τ⋆,r
,
|| /A[2]θ θ′||2L2
τ⋆,r
=
1
4
||r2 /∆θ′||2L2
τ⋆,r
+ ||r /∇θ′||2L2
τ⋆,r
+ ||θ′||2L2
τ⋆,r
.
The former along with the Poincaré inequality immediately yields the m = 1 case of the proposition whereas
the latter combined with elliptic estimates on /∆ and the Poincaré inequality yields the m = 2 case.
The higher order cases then follow by an inductive procedure.
Of course, replacing Q′ by a Q 1-form q′ ∈ Hm,′τ⋆,r or a function f ′ ∈ Hm,′τ⋆,r yields an analagous result.
Similarly, replacing Hm,′τ⋆,r with H
m,′
Σ,r then an analagous result holds for Q a function on Σ, ω a Sν 1-form and
θ′ a symmetric, traceless 2-covariant Sν-tensor.
4.6.3 The family of operators /Π and /T
Next we introduce a family of operators on M and Σ which have the useful property of mapping all types of
tensor fields into the spaces Λ(M) and Λ(Σ) respectively. We moreover define a family of elliptic operators
that are naturally related to the former family and which shall appear frequently in the text.
To achieve that this family indeed have ranges contained within Λ(M) and Λ(Σ) we use the result of Lemma
4.4.1 of [1] which shows that the l = 0, 1 spherical harmonics lie in the kernel of the operator /D⋆2 /D⋆1. The desired
operators are then defined as follows, with their restriction to Σ immediate:
• the operator /Πf maps n-covariant Q-tensors Q into the n-covariant Q-tensor in Λ(M)
/ΠfQ = r
4 /div /div /∇⊗ˆ /∇Q
34
• the operator /Πξ maps Q⊗ S 1-forms ω into the pair of Q 1-forms in Λ(M)
/Πξω = r
4 /D1 /div /∇⊗ˆω
• the operator /Πθ maps symmetric, traceless 2-covariant S-tensors θ into the pair of functions in Λ(M)
/Πθθ = r
4 /D1 /D2θ
The family of elliptic operators, which now preserve the S-type of the tensor under consideration, are then
defined as follows, with their restriction to Σ immediate:
• the operator /T f maps n-covariant Q-tensors Q into the n-covariant Q-tensor in Λ(M)
/T fQ = /ΠfQ
• the operator /T ξ maps Q⊗ S 1-form ω into the Q⊗ S 1-forms in Λ(M)
/T ξω = /D⋆1 /Πξω
• the operator /T θ maps symmetric, traceless 2-covariant S-tensors θ into the symmetric, traceless 2-covariant
S-tensor
/T θθ = /D⋆2 /D⋆1 /Πθθ
Proposition 4.6.3. Let Q′ ∈ Hm,′τ⋆,r be a symmetric 2-covariant Q-tensor, ω′ ∈ Hm,′τ⋆,r be a Q ⊗ S 1-form and
let θ′ ∈ Hm,′τ⋆,r be a symmetric, traceless 2-covariant S-tensor respectively. Then for any 2-sphere S2τ⋆,r and any
integer m ≥ 0
‖Q′‖2
Hm+4
τ⋆,r
. || /A[m]f /T fQ′||2L2
τ⋆,r
,
‖ω′‖2
Hm+4
τ⋆,r
. || /A[m]ξ /T ξω′||2L2
τ⋆,r
,
‖θ′‖2
Hm+4
τ⋆,r
. || /A[m]θ /T θθ′||2L2
τ⋆,r
.
Proof. We prove the proposition first assuming smoothness of all quantities and then appeal to a density
arguement.
Using the identities
/div /∇⊗ˆω = /∆ω + 1
r2
ω,
/div /∇⊗ˆ /divθ = /∆ /divθ + 1
r2
/divθ
we find
/T f = /A[4]f − 2/A[2]f ,
/T ξ = − /A[4]ξ + 2/A
[2]
ξ ,
/T θ = 2/A[4]θ + 2/A
[2]
θ
and so on every 2-sphere S2τ⋆,r
|| /A[m]f /T fQ′||2L2
τ⋆,r
= || /A[m+4]f Q′||2L2
τ⋆,r
− 4|| /A[m+3]f Q′||2L2
τ⋆,r
+ 4|| /A[m+2]f Q′||2L2
τ⋆,r
,
|| /A[m]ξ /T ξω′||2L2
τ⋆,r
= || /A[m+4]ξ ω′||2L2
τ⋆,r
− 4|| /A[m+3]ξ ω′||2L2
τ⋆,r
+ 4|| /A[m+2]ξ ω′||2L2
τ⋆,r
,
|| /A[m]θ /T θθ′||2L2
τ⋆,r
= 4|| /A[m+4]θ′||2L2
τ⋆,r
+ 8|| /A[m+3]θ′||2L2
τ⋆,r
+ 4|| /A[m+2]θ′||2L2
τ⋆,r
.
Applying the Poincaré inequality in the first and second lines along with the identities (54)-(56) and then
appealing to Proposition 4.6.2 thus yields the proposition.
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Of course, replacing Q′ by a Q 1-form q′ ∈ Hm,′τ⋆,r or a function f ′ ∈ Hm,′τ⋆,r yields an analagous result.
Similarly, replacing Hm,′τ⋆,r with H
m,′
Σ,r then an analagous result holds for Q a function on Σ, ω a Sν 1-form and
θ′ a symmetric, traceless 2-covariant Sν-tensor.
An corollary of this proposition is that the family /T are bijections.
Corollary 4.6.4. Let Q′ be a smooth symmetric 2-covariant Q-tensor with vanishing projection to l = 0, 1,
ω′ be a smooth Q ⊗ S 1-form and let θ′ be a smooth symmetric, traceless 2-covariant S-tensor with vanishing
projection to l = 0, 1. Conversely, let Q′ be a smooth symmetric 2-covariant Q-tensor supported only on l = 0, 1
and let ω′ be a smooth Q ⊗ S supported only on l = 0, 1. Then on D+(Σ) there exists a smooth symmetric
2-covariant Q-tensor, a smooth Q⊗S 1-form ω and a smooth, symmetric, traceless 2-covariant S-tensor θ such
that
/T fQ = Q′,
/T ξω = ω′,
/T θθ = θ′
and
Ql=0,1 = Q′,
ωl=0,1 = ω′.
Proof. We prove the corollary only for the operator /T f acting on smooth n-covariant Q-tensors Q since the
other cases are similar.
Indeed, viewing /T f as a map from H4,′τ⋆,r to L2,′τ⋆,r we have from Proposition 4.6.3 and compactness of the
embedding that /T f has closed range. Moreover, proceeding as in the proof of Lemma 4.4.1 in [1] one finds that
/T f and its formal adjoint have trivial kernels over H4,′τ⋆,r and L2,′τ⋆,r respectively and thus /T f is both injective
and surjective. Finally, the smoothness property results from applying standard elliptic-type estimates (in
particular using the frame {S,L}).
Of course, replacing Q′, Q′ by smooth Q 1-forms q′, q′ or smooth functions f ′, f′ with the same assumptions
regarding the their supports with respect to the l = 0, 1 spherical harmonics yields an analagous result. Similarly,
an analagous result holds forQ′, Q′ smooth functions on Σ, ω′, ω′ smooth Sν 1-forms and θ′ a smooth, symmetric,
traceless 2-covariant Sν-tensor.
4.6.4 The operator /ζ
The final operator we introduce is to appear in the definition of the Zerilli equation in section 7.1.
The operator in question is to be defined as the inverse of the operator /∆ζ := /∆+
2
r2
(
1− 3Mr
)
Id.
Lemma 4.6.5. The operator /∆ζ is a bijection from smooth functions in Λ(M) to smooth functions in Λ(M).
Proof. Invertibility follows from applying the Lax–Millgram Theorem (see [?]) combined with the Poincaré
inequality. Elliptic regularity then yields smoothness.
Of course, the above lemma holds replacing Λ(M) with Λ(Σ).
Consequently, we define the inverse operator /ζ, with its restriction to Σ immediate:
• the operator /ζ [p] maps functions in Λ(M) to the function in Λ(M)
/ζ [p]f = r2p /∆
−p
ζ f.
Elliptic regularity then yields the following proposition.
Proposition 4.6.6. Let f ∈ Λ(M) be smooth. Then for any integer p ≥ 0 and any 2-sphere S2τ⋆,r
||/ζ [−p]f ||2
Hp+2
τ⋆,r
. ||f ||2L2
τ⋆,r
.
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Proof. Integrating by parts on any 2-sphere S2τ⋆,r one finds
|| /∆ζf ||2L2
τ⋆,r
= || /∇ /∇f ||2L2a,b −
3
r3
(r − 6M)|| /∇f ||2L2
τ⋆,r
+
4
r6
(r − 3M)2||f ||2L2
τ⋆,r
.
The Poincaré inequality thus yields
||f ||2H2
τ⋆,r
. ||r2 /∆ζf ||2L2
τ⋆,r
from which the proposition follows.
Of course, an analagous result holds replacing Λ(M) by Λ(Σ).
4.6.5 Commutation formulae and useful identities
In this final section we collect via various lemmata certain commutation relations and identities on the operators
introduced over the previous sections that will be used throughout the text.
The first such lemma concerns the family of operators /A and follows from the presence of the r-weights in
the definitions of said operators.
Lemma 4.6.7. Let /A[k] denote any of the operators /A[k]f , /A[k]ξ or /A[k]θ for any integer k ≥ 1. Then one has the
commutation relations [∇˜, /A[k]] = [ /∇ν , /A[k]] = 0
where in the latter we view the family of operators /A as restricted to Σ.
The second such lemma concerns the /Π family of operators and follows from dilligently commuting covariant
derivatives.
Lemma 4.6.8. Let /Π denote any of the operators /Πf , /Πξ and /Πθ. Then one has the commutation relations[∇˜, /Π] = [ /∇ν , /Π] = 0
where in the latter we view the family of operators /Π as restricted to Σ.
Moroever [
/∆, /Πf
]
= 0,[
/∆, /Πξ
]
= − 1
r2
/Πξ,[
/∆, /Πθ
]
= − 2
r2
/Πθ.
Finally, one has the identities
/Πf /D1 = /∆/Πξ,
/Πξ /D2 = /∆/Πθ +
2
r2
/Πθ.
The third such lemma concerns the /T family of operators and follows from their very definitions.
Lemma 4.6.9. Let /T denote any of the operators /T f , /T ξ and /T θ. Then one has the commutation relations[∇˜, /T ] = [ /∇ν , /T ] = 0
where in the latter we view the family of operators /T as restricted to Σ.
Moroever one has the identities
/D⋆1
(
/T f , 0
)
= − /T ξ /D⋆1 (57)
/D⋆2 /T ξ = −2/T θ /D⋆2. (58)
The final such lemma concerns the operator /ζ.
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Lemma 4.6.10. For any non-negative integer k one has the commutation relation[∇˜, /ζ [k]] = −3kµ
r
∇˜r /ζ [k+1], [ /∇ν , /ζ [k]] = −3k
h¯
µ
r
/ζ [k+1]
where in the latter we view the operator /ζ [k] as restricted to Σ.
Proof. We prove only the former as the latter follows in a similar fashion.
We have [∇˜, r2 /∆ζ] = 3µr ∇˜r Id.
The k = 1 case thus follows from the formula
[∇˜, /ζ [1]] = −/ζ [1][∇˜, r2 /∆ζ]/ζ [1]
For general k, one applies the induction formulae[∇˜, /ζ [n]] = [∇˜, /ζ [n−1]]/ζ [1] + /ζ [n−1][∇˜, /ζ [1]].
5 The equations of linearised gravity around Schwarzschild
In this section we derive the equations of linearised gravity – the system of equations that result from formally
linearising the equations of section 3.2 about the Schwarzschild exterior solution
(M, gM).
5.1 The formal linearisation of the equations of section 3.2
We begin by establishing a formal linearisation theory for the Einstein equations in a generalised wave gauge.
This section of the paper proceeds in a similar fashion to that of section 5.1 in [1].
5.1.1 Preliminaries
We identify the manifoldM in section 3.1 with the Schwarzschild exterior background M.
On M we consider a smooth 1-parameter family of Lorentzian metrics g(ǫ) with g(0) = gM and a smooth
map f : T 2(M) × T 2(M) → TM such that f(gM , gM ) = 0 and demand that each g(ǫ) is in a generalised
f -wave gauge with respect to gM .
We moreover assume that each pair
(M,g(ǫ)) is a solution to the Einstein vacuum equations.
5.1.2 The linearisation procedure
Let us first immediately dispense with the ǫ notation and use the convention that bold quantities are with respect
to the family of perturbed metrics and unbolded quantities are given by their background Schwarzschild value.
In particular, identifying g with gM in equations (37) and (38) of section 3, the assumptions of section 5.1.1
imply that each member g of the 1-parameter family must satisfy(
g−1
)γδ∇γ∇δgαβ + 2Cγδǫ · gγ(α∇β)(g−1)δε − 4gδǫCǫβ[α∇γ](g−1)γδ − 4Cδβ[αCγγ]δ + 2(g−1)γδgǫ(αRiem εβ)γδ
= 2gγ(α∇β)fγ(g, gM ),
(59)(
g−1
)βγ
Cαβγ = f
α(g, gM ),
(60)
Here, Riem and ∇ are the Riemann curvature tensor and Levi-Civita connection of (M, gM) respectively.
Observe therefore that g = gM is indeed a solution to this system of equations since by assumption f(gM , gM ) =
0.
To formally linearise, we write
g − gM ≡ (1)g
where ≡ means equivalent to first order in ǫ. Thus, in keeping with the notation of [1], quantities with a
superscript “(1)” denote linear perturbations of bolded quantities about their background Schwarzschild value.
In particular,
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• the smooth, symmetric two tensor field (1)g on M denotes the linearised metric
Moreover, we write
f(g, gM ) ≡ Df
∣∣
gM
(
(1)
g)
where Df
∣∣
gM
: T 2(M)→ TM is a smooth linear map. In particular,
• the smooth linear map Df ∣∣
gM
denotes the linearisation of the map f(·, gM ) at gM
Subsequently, to derive the linearised equations one simply expands the terms appearing in equations (59)
and (60) in powers of ǫ, keeping only those terms that enter to first order.
5.1.3 The Einstein equations in a generalised wave gauge linearised about the Schwarzschild
metric
Proceeding in this manner one arrives at the following system of equations:

(1)
gαβ − 2Riemγ δαβ
(1)
gγδ = 2∇(α
(1)
f β), (61)
∇β (1)gαβ −
1
2
∇α (1)g =
(1)
f α. (62)
Here,  is the wave operator on
(M, gM) and we have set
(1)
f˜ := Df
∣∣
gM
(
(1)
g).
The above system of equations thus describe the linearisation of the Einstein vacuum equations, as expressed
in a generalised f -wave gauge with respect to gM , about the Schwarzschild exterior solution gM .
5.2 The system of gravitational perturbations
In this section we apply the 2 + 2 formalism developed in section 4.2 to the linearised metric of the previous
section.
Indeed, given the symmetric two tensor
(1)
g on M we have:
• the projection onto the symmetric 2-covariant Q-tensor field
(1)
g˜
• the projection onto the Q⊗ S 1-form (1)g
• the projection onto the symmetric 2-covariant S-tensor field (1)/g
Furthermore, given the 1-form
(1)
f on M we have:
• the projection onto the Q 1-form
(1)
f˜
• the projection onto the S 1-form
(1)
6f
Moreover, decomposing
(1)
g˜ and
(1)
/g into their trace and trace-free parts with respect to the Q-metric g˜M and the
S-metric /gM
(1)
g˜ =
(1)
ˆ˜g +
1
2
g˜M · trg˜
(1)
g˜
and
(1)
/g =
(1)
/ˆg +
1
2
/gM · /tr
(1)
/g
yields the collection
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g,
(1)
f˜ ,
(1)
6f
where now
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•
(1)
ˆ˜g is a symmetric, traceless 2-covariant Q-tensor field
• trg˜
(1)
g˜ is a function on M
• (1)g is a Q⊗ S 1-form
•
(1)
/ˆg is a symmetric, traceless 2-covariant S-tensor field
• /tr (1)/g is a function on M
•
(1)
f˜ is a Q 1-form
•
(1)
6f is an S 1-form
each of which must satisfy the following system of gravitational perturbations.
The equations for the linearised Q-metric:
˜
(1)
ˆ˜g + /∆
(1)
ˆ˜g +
2
r
∇˜P
(1)
ˆ˜g − 2
r2
dr ˆ˜⊗
(1)
ˆ˜gP −
2
r
µ
r
(1)
ˆ˜g =
1
r2
dr ˆ˜⊗dr trg˜
(1)
g˜ +
2
r
dr ˆ˜⊗ /div (1)g − 1
r2
dr⊗ˆdr /tr (1)/g + ∇˜⊗ˆ
(1)
f˜ , (63)
˜trg˜
(1)
g˜ + /∆trg˜
(1)
g˜ +
2
r
∇˜P trg˜
(1)
g˜ − 2
r2
(1− 2µ)trg˜
(1)
g˜ =
4
r2
(1)
ˆ˜gPP +
4
r
/div
(1)
gP −
2
r2
(1− 2µ)/tr (1)/g − 2δ˜
(1)
f˜ . (64)
The equations for the linearised Q⊗ S-metric:
˜
(1)
g + /∆
(1)
g − 1
r2
(1− µ) (1)g = 2
r
dr⊗
(
2
r
(1)
gP + /div
(1)
/ˆg +
1
2
/∇/tr (1)/g −
(1)
6f
)
− 2
r
/∇⊗
(1)
ˆ˜gP −
1
r
dr /∇⊗trg˜
(1)
g˜ + ∇˜⊗
(1)
6f + /∇⊗
(1)
f˜ .
(65)
The equations for the linearised S-metric:
˜
(1)
/ˆg + /∆
(1)
/ˆg − 2
r
∇˜P
(1)
/ˆg − 4
r
µ
r
(1)
/ˆg = −2
r
/∇⊗ˆ (1)gP + /∇⊗ˆ
(1)
6f , (66)
˜/tr
(1)
/g + /∆/tr
(1)
/g +
2
r
∇˜P /tr
(1)
/g − 2
r2
(1− 2µ)/tr (1)/g = − 4
r2
(1)
ˆ˜gPP −
4
r
/div
(1)
gP −
2
r2
(1− 2µ)trg˜
(1)
g˜ + 2 /div
(1)
6f + 4
r
(1)
f˜ P . (67)
Finally, the linearised generalised wave gauge conditions:
−δ˜
(1)
ˆ˜g + /div
(1)
g − 1
2
d˜/tr
(1)
/g +
2
r
(1)
ˆ˜gP +
1
r
dr trg˜
(1)
g˜ − 1
r
dr /tr
(1)
/g =
(1)
f˜ , (68)
−δ˜ (1)g − 1
2
/∇trg˜
(1)
g˜ + /div
(1)
/ˆg +
2
r
(1)
gP =
(1)
6f . (69)
Remark 5.2.1. In view of the fact that in section 5.1.1 we fixed the differential structure of M, one could
instead decompose the perturbed metric g as in section 4.2.1. A further decomposition of (37) and (38) would
lead to a system of equations for the quantities
g˜,g, /g, f˜ , 6f .
Upon linearisation, this yields the system (63)-(69) for
(1)
g˜,
(1)
g,
(1)
/g,
(1)
f˜ ,
(1)
6f
where we now recognise the tensor fields
(1)
g˜,
(1)
g,
(1)
/g,
(1)
f˜ ,
(1)
6f as the linearisation of the quantities g˜,g, /g, f˜ and 6f :
g˜ − g˜M ≡
(1)
g˜,
g ≡ (1)g,
/g − /gM ≡
(1)
/g,
f˜ ≡
(1)
f˜ ,
6f ≡
(1)
6f .
Since, however, the aforementioned decompositon of (37) and (38) is rather cumbersome, we prefer our more
direct approach.
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5.3 The equations of linearised gravity
In this section we make an explicit choice of the linear map Df
∣∣
gM
and then present the resulting system of
equations which we shall refer to in this paper as the equations of linearised gravity.
The remainder of the paper is then concerned with solutions to this system of equations.
Indeed, viewing now Df
∣∣
gM
as a smooth map from35 T 2(M)→ T (M), we set
Df
∣∣
gM
(X) :=
2
r
X˜P − 1
r
( ˆ˜Xl=0)P + 2rXP − 1r dr /tr /X.
Here, X˜l=0 denotes the spherically symmetric part of the 2-covariant Q-tensor X˜ (cf. Definition 4.5.3).
Recalling the definition of the 1-form
(1)
f from section 5.1.3 along with the subsequent definitions of the Q
1-form
(1)
f˜ and the S 1-form
(1)
6f from section 5.2, it follows that
(1)
f˜ : =
2
r
(1)
ˆ˜gP −
1
r
( (1)
ˆ˜g l=0
)
P
+
1
r
dr trg˜
(1)
g˜ − 1
r
dr /tr
(1)
/g, (70)
(1)
6f : = 2
r
(1)
gP . (71)
Consequently, with this choice of
(1)
f˜ and
(1)
6f the system of gravitational perturbations presented in section 5.2
reduce to the following system of equations.
The equations for the linearised Q-metric:
˜
(1)
ˆ˜g + /∆
(1)
ˆ˜g +
2
r
∇˜P
(1)
ˆ˜g − 2
r
(∇˜⊗ˆ (1)ˆ˜g)
P
− 4
r
µ
r
(1)
ˆ˜g =
1
r
dr ˆ˜⊗d˜trg˜
(1)
g˜ +
2
r
dr ˆ˜⊗ /div (1)g − 1
r
dr ˆ˜⊗d˜/tr (1)/g − ∇˜⊗ˆ
(
r−1
( (1)
ˆ˜g l=0
)
P
)
, (72)
˜trg˜
(1)
g˜ + /∆trg˜
(1)
g˜ = −2
r
δ˜
( (1)
ˆ˜g l=0
)
P
)
+
2
r2
( (1)
ˆ˜g l=0
)
P
. (73)
The equations for the linearised Q⊗ S-metric:
˜
(1)
g + /∆
(1)
g − 2
r
(∇˜⊗ (1)g)
P
− 1
r2
(1)
g +
2
r2
dr⊗ (1)gP =
2
r
dr⊗ /div
(1)
/ˆg. (74)
The equations for the linearised S-metric:
˜
(1)
/ˆg + /∆
(1)
/ˆg − 2
r
∇˜P
(1)
/ˆg − 4
r
µ
r
(1)
/ˆg = 0, (75)
˜/tr
(1)
/g + /∆/tr
(1)
/g +
2
r
∇˜P /tr
(1)
/g +
2
r2
/tr
(1)
/g =
4
r2
(1)
ˆ˜gPP +
2
r2
trg˜
(1)
g˜ − 4
r2
( (1)
ˆ˜g l=0
)
PP
. (76)
Finally, the linearised generalised wave gauge conditions:
−δ˜
(1)
ˆ˜g + /div
(1)
g − 1
2
d˜/tr
(1)
/g = −1
r
( (1)
ˆ˜g l=0
)
P
, (77)
−δ˜ (1)g − 1
2
/∇trg˜
(1)
g˜ + /div
(1)
/ˆg = 0. (78)
Following [1], we shall collectively denote a collection
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g of tensor fields onM which satisfying
the above system of equations according
S =
(
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g
)
and we shall refer to the ensemble S as a solution to the equations of linearised gravity.
We make the following remarks.
35Here we recall the notation T k(M) for the space of smooth k-covariant tensor fields on M.
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Remark 5.3.1. The ‘l = 0 modification’ in the expression
(1)
f˜ is motivated by the linearised Schwarzschild
solutions we present in section 6.1.1.
Remark 5.3.2. Observe that, modulo the ‘l = 0 modes’, the choice of
(1)
f˜ and
(1)
6f as in (70)-(71) removes all
zero’th order terms in the generalised wave gauge conditions (68)-(69).
Remark 5.3.3. We note that the linear map f : T 2(M)→ T M defined according to
f(X) =
2
r
X˜P − 1
r
( ˆ˜Xl=0)P + 2rXP − 1r dr /tr /X
trivially gives rise to the expressions
(1)
f and
(1)
6f of (70)-(71). Moreover, we further observe that
f(gM ) = 0.
6 Special solutions to the equations of linearised gravity
In this section we introduce two special classes of solutions to the equations of linearised gravity, namely the
linearised Kerr and pure gauge solutions.
Knowledge of these special solutions will prove fundamental in the formulation of the main Theorem of this
paper, to be found in section 10.
6.1 Special solutions I: The 4-dimensional linearised Kerr family K
The first class of solutions we introduce are to be the linearised Kerr family which arise as the linearisation of
the Kerr exterior family about
(M, gM).
This section of the paper proceeds in a similar fashion to that of section 6.2 in [1].
6.1.1 Linearising a 1-parameter family of Schwarzschild solutions
We begin by linearising, in the mass parameter, the 1-parameter subfamily of the Kerr exterior family corresponding
to the Schwarzschild exterior family.
In order to formally linearise we consider a smooth 1-parameter family of functions M : (−ǫ, ǫ) → R with
M(0) = M . This family subsequently generates the smooth 1-parameter family of Schwarzschild exterior
solutions, with mass M , to the Einstein vacuum equations on M:
gM := −
(
1− 2M
r
)
dt∗2 +
4M
r
dt∗ dr +
(
1 +
2M
r
)
dr2 + r2g˚.
Here, we have dispensed with the ǫ notation.
Now, projecting the symmetric, 2-covariant tensor fields gM onto QM,QM×S2M and S2M respectively (recall
Definition 4.2.2), we compute that
−δ˜ˆ˜gM − 1
2
d˜/tr/gM +
1
r
(
(ˆ˜gM )l=0
)
P
= −1
2
/∇trg˜gM = 0, gM = /ˆgM = 0.
Here, ˆ˜gM is the traceless part of g˜M with respect to g˜M and /ˆgM is the traceless part of /gM with respect to
/gM .
It therefore follows (cf. Remark 5.3.3) that upon linearisation in the mass parameter M the smooth
1-parameter family of solutions to the Einstein vacuum equations gM give rise to a smooth 1-parameter family
of explicit solutions to the equations of linearised gravity presented in section 5.3.
Consequently, applying the formal linearisation theory of section 5.1 to the 1-parameter family gM results
in:
(1)
ˆ˜g = − 1
(1− µ)2
(1)
M
r
(
⋆˜P ˆ˜⊗⋆˜P − 2⋆˜P ˆ˜⊗ dr − dr ˆ˜⊗dr
)
,
trg˜
(1)
g˜ = /tr
(1)
/g =
(1)
g =
(1)
/ˆg = 0.
Here, M ≡M + ǫ ·
(1)
M .
We have therefore shown the following.
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Proposition 6.1.1. For any m ∈ R the following is a smooth (spherically symmetric and stationary) solution
to the equations of linearised gravity:
(1)
ˆ˜g = − 1
(1− µ)2
m
r
(
⋆˜P ˆ˜⊗⋆˜P − 2⋆˜P ˆ˜⊗ dr − dr ˆ˜⊗dr
)
,
trg˜
(1)
g˜ = /tr
(1)
/g =
(1)
g =
(1)
/ˆg = 0.
6.1.2 Linearised Kerr solutions leaving the mass unchanged
We continue by linearising, now in the rotation parameter a, the 1-parameter subfamily of the Kerr exterior
metrics which have fixed mass M .
In order to formally linearise we consider a smooth 1-parameter family of functions a : (−ǫ, ǫ) → R with
a(0) = 0. This family subsequently generates the smooth 1-parameter family of Kerr exterior metrics on M
gM,a = gM − 4
r
aM sin2 θ dt∗ dϕ− 2
(
1 +
2M
r
)
a sin2 θ dr dϕ+O(a2).
Here, we have dispensed with the ǫ notation and neglected to explicitly state terms that are higher than linear
order in a.
Now, projecting the symmetric, 2-covariant tensor fields gM,a onto QM,QM × S2M and S2M respectively, we
observe that
/divgM,a −
1
2
d˜/tr/gM,a = −δ˜gM,a −
1
2
/∇trg˜gM,a + /div/ˆgM,a = O
(
a2
)
, ˆ˜gM,a = /ˆgM,a = O
(
a2
)
.
Here, ˆ˜gM,a is the traceless part of g˜M,a with respect to g˜M and /ˆgM,a is the traceless part of /gM,a with respect
to /gM .
It therefore follows that upon linearisation in the parameter a the smooth 1-parameter family of solutions
to the Einstein vacuum equations gM,a give rise to a smooth 1-parameter family of explicit solutions to the
equations of linearised gravity.
Consequently, applying the formal linearisation theory of section 5.1 to the 1-parameter family gM results
in:
(1)
g = −
√
32π
3
1
1− µ
(1)
a
(
µ⋆˜P − dr
)
⊗/⋆ /∇Y 10 ,
(1)
ˆ˜g = trg˜
(1)
g˜ =
(1)
/ˆg = trg˜
(1)
g˜ = 0.
Here, a ≡ ǫ · (1)a and Y 10 is the l = 1,m = 0 spherical harmonic of section 4.5.1.
We have therefore shown the (i = 0 case of the) following.
Proposition 6.1.2. Let ai ∈ R with i ∈ {−1, 0, 1}. Then the following is a smooth (stationary) solution to the
equations of linearised gravity:
(1)
g = − 1
1− µai
(
µ⋆˜P − dr
)
⊗/⋆ /∇Y 1i ,
(1)
6f = 2
r
ai/⋆ /∇Y 1i ,
(1)
ˆ˜g = trg˜
(1)
g˜ =
(1)
/ˆg = trg˜
(1)
g˜ =
(1)
f˜ = 0.
6.1.3 The linearised Kerr family
The full 4-parameter family of linearised Kerr solutions to the system of gravitational perturbations are then
determined by combining the family of solutions introduced in the previous two sections.
Indeed, by linearity, one has the following.
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Proposition 6.1.3. Let m ∈ R and let a be a smooth function on S2 that is given as a linear combination of
the l = 1 spherical harmonics. Then the collection
Km,a =
(
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g
)
defined by
(1)
ˆ˜g = − 1
(1− µ)2
m
r
(
⋆˜P ˆ˜⊗⋆˜P − 2⋆˜P ˆ˜⊗ dr − dr ˆ˜⊗dr
)
,
trg˜
(1)
g˜ = 0,
(1)
g = − 1
1− µ
(
µ⋆˜P − dr
)
/⋆ /∇a,
(1)
/ˆg = 0,
trg˜
(1)
g˜ =
(1)
g = /tr
(1)
/g = 0
is a smooth (stationary) solution to the equations of linearised gravity. We call such a solution a linearised
Kerr solution with parameters m and a.
We make the following remarks.
Remark 6.1.4. The above indeed defines a 4-parameter family of solutions to the equations of linearised gravity
as the function a is parametrised by three real numbers ai according to
a =
i=+1∑
i=−1
aiY
1
i .
Remark 6.1.5. Observe that for any m and a each of the above collection lie in the kernel of an appropriate
member of the /Π family of operators defined in section 4.6.3.
6.2 Special solutions II: Pure gauge solutions G
The second class of solutions we introduce are the pure gauge solutions which arise as the linearisation of a
1-parameter family of Lorentzian metrics on M given as the pullback of gM under a 1-parameter family of
diffeomorphisms on M which preserve the generalised wave gauge to first order.
Let f : T 2(M)→ T M be the smooth map
f(X) =
2
r
X˜P − 1
r
( ˆ˜Xl=0)P + 2rXP − 1r dr /tr /X
and let v˜, /v be a pair of smooth smooth Q 1-forms and S 1-forms respectively which satisfy
˜v˜ + /∆v˜ − 2
r
(∇˜v˜)
P
+
2
r2
dr v˜P = −1
r
(∇˜ ⊗ v˜l=0)P , (79)
˜/v + /∆/v − 2
r
∇˜P /v + 1
r2
(3− 4µ)/v = 0. (80)
Denoting by φǫ the smooth 1-parameter family of diffeomorphisms onM generated by the smooth vector field
v := v˜ + /v.
it follows that the corresponding smooth 1-parameter family of Lorentzian metrics (φǫ)
∗gM define a smooth
1-parameter family of solutions to the Einstein vacuum equations. Moreover, the conditions (79)-(80) ensure
that, to first order in ǫ, the identity map
Id :
(M, (φǫ)∗gM)→ (M, gM) (81)
is an f((φǫ)
∗gM , gM )-wave map. Indeed, to first order in ǫ
(φǫ)
∗gM − gM ≡ LvgM
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and so(
(φǫ)
∗gM
)−1 · C(φǫ)∗gM ,gM ≡ ˜v˜ + /∆v˜ − 2r (∇˜v˜)P + 2r2 dr v˜P + 1r (∇˜ ⊗ v˜l=0)P + ˜/v + /∆/v − 2r ∇˜P /v + 1r2 (3− 4µ)/v.
Here, C(φǫ)∗gM ,gM is the connection tensor between (φǫ)
∗gM and gM and recall, from section 3.1, that the above
is equivalent to the identity map (81) being an f -wave map to first order.
We have therefore shown the following.
Proposition 6.2.1. Let v˜ be a smooth Q 1-form and let /v be a smooth S 1-forms which satisfy
˜v˜ + /∆v˜ − 2
r
(∇˜v˜)
P
+
2
r2
dr v˜P = −1
r
(∇˜ ⊗ v˜l=0)P , (82)
˜/v + /∆/v − 2
r
∇˜P /v + 1
r2
(3− 4µ)/v = 0. (83)
Then the collection36
G =
(
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g
)
defined by
(1)
ˆ˜g = ∇˜⊗ˆv˜,
trg˜
(1)
g˜ = −2δ˜v˜,
(1)
g = /∇v˜ + d˜/v − 2
r
dr ⊗ /v,
(1)
/ˆg = −2/D⋆2/v,
/tr
(1)
/g = 2 /div/v +
4
r
v˜P ,
(1)
f˜ = f˜,
(1)
6f = 6f
is a smooth solution to the equations of linearised gravity. We such a solution a pure gauge solution that is
generated by v˜ and /v.
One can of course verify the above explicitly from the equations (72)-(78).
7 The Regge–Wheeler and Zerilli equations and the gauge-invariant hierarchy
In this section we demonstrate the well-known ([18], [19]) but nevertheless remarkable phenomena which
sees certain gauge-invariant quantities decouple from the full system of gravitational perturbations into the
celebrated Regge–Wheeler and Zerilli equations.
This decoupling will serve as the catalyst to unlocking the tensorial structure of the equations of linearised
gravity.
7.1 The Regge–Wheeler and Zerilli equations
We begin by first introducing the pair of scalar wave equations on
(M, gM) which describe the Regge–Wheeler
and Zerilli equations respectively.
As these equations admit a formulation independent of the equations of linearised gravity we shall denote
solutions to such equations without the superscript (1).
First to be defined is the Regge–Wheeler equation.
In what follows, wee remind the reader of the space Λ(M) introduced in section 4.5.2.
36This notation is borrowed from [1].
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Definition 7.1.1. Let Φ ∈ Λ(M) be a smooth function. Then we say that Φ is a smooth solution to the
Regge–Wheeler equation on
(M, gM) iff
˜Φ+ /∆Φ = − 6
r2
M
r
Φ. (84)
Next to be defined is the Zerilli equations.
In what follows, we remind the reader of the operator /ζ [p] introduced in section 4.6.4.
Definition 7.1.2. Let Ψ ∈ Λ(M) be a smooth function. Then we say that Ψ is a smooth solution to the Zerilli
equation on M iff
˜Ψ+ /∆Ψ = − 6
r2
M
r
Ψ+
24
r3
M
r
(r − 3M)/ζ [1]Ψ+ 72
r5
M
r
M
r
(r − 2M)/ζ [2]Ψ. (85)
7.2 The connection to the system of gravitational perturbations
In this section we reveal the remarkable connection, as first discovered by Regge–Wheeler [18] and Zerilli [19],
between the Regge–Wheeler and Zerilli equations and the system of gravitational perturbations.
We would like to acknowledge that the derivations throughout this section rely heavily on those found in
the paper [38] of Chaverra, Ortiz and Sarbach. See also section ?? of the overview for a further review of the
literature.
7.2.1 Gauge-invariant quantities
The correct way to reveal this connection is to consider certain quantities which vanish for all the pure
gauge solutions of section 6.2. Isolating these gauge-invariant quantities is thus the content of the following
proposition.
In what follows we recall the family of operators /Πf , /Πξ and /Πθ introduced in section 4.6.3.
Proposition 7.2.1. Let S be a smooth solution to the equations of linearised gravity. We define
(1)
h˜ : = r4 /div /div /∇⊗ˆ (1)g − r2d˜
(
r2 /div /div
(1)
/ˆg
)
. (86)
Then the following quantities are gauge-invariant:
(1)
ˆ˜τ : = /Πf
(1)
ˆ˜g − ∇˜⊗ˆ
(1)
h˜, (87)
trg˜
(1)
τ˜ : = /Πf trg˜
(1)
g˜ + 2δ˜
(1)
h˜, (88)
(1)
η˜ : = r4 /curl /div /∇⊗ˆ (1)g − r2d˜
(
r2 /curl /div
(1)
/ˆg
)
, (89)
(1)
σ : = /Πf /tr
(1)
/g − 4
r
(1)
h˜P − 2r4 /∆ /div /div
(1)
/ˆg. (90)
Proof. Let G be the pure gauge solution, described as in Proposition 6.2.1, that is generated by the smooth Q
1-form v˜ and the smooth S 1-form /v. Then
/div /∇⊗ˆ (1)g − ∇˜ /div
(1)
/ˆg = /div /∇⊗ˆ /∇v˜.
Thus, for the solution G
(1)
h˜ = /Πf v˜,
(1)
η˜ = 0.
Moreover, one computes:
/Πf
(1)
ˆ˜g = ∇˜⊗ˆ
(1)
h˜,
/Πf trg˜
(1)
g˜ = −2δ˜
(1)
h˜,
/Πf /tr
(1)
/g = 2/Πf /div/v +
4
r
(1)
h˜P , ,
/∆ /div /div
(1)
/ˆg = /∆ /div /div /∇⊗ˆ/v.
Applying the commutation formulae of Lemma 4.6.8, the proposition follows.
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Remark 7.2.2. Observe that each of
(1)
ˆ˜τ , trg˜
(1)
τ˜ ,
(1)
η˜ and
(1)
σ lie in the space Λ(M) and thus moreover vanish for all
members of the linearised Kerr family (cf. Remark 6.1.5).
7.2.2 The gauge-invariant hierarchy
To finally extract the Regge–Wheeler and Zerilli equations from the equations of linearised gravity requires
embedding the gauge-invariant quantities of Proposition 7.2.1 into a hierarchy of such quantities. This (ultimately)
leads to the following theorem.
Theorem 7.2.3. Let S be a smooth solution to the equations of linearised gravity. Then the following relations
hold:
(1)
ˆ˜τ = ∇˜⊗ˆd˜
(
r
(1)
Ψ
)
+ 6µ dr⊗ˆ/ζ [1]d˜
(1)
Ψ,
trg˜
(1)
τ˜ = 0,
(1)
η˜ = −⋆˜d˜
(
r
(1)
Φ
)
,
(1)
σ = −2r /∆
(1)
Ψ + 4∇˜P
(1)
Ψ + 12µr−1(1− µ)/ζ [1]
(1)
Ψ
where
(1)
Φ,
(1)
Ψ ∈ Λ(M) are unique and satisfy the Regge–Wheeler and Zerilli equations respectively.
Proof. Exploiting the commutation formulae of Lemma 4.6.8 and imposing the system of gravitational perturbations
(63)-(69) yields37 the following system of wave equations
˜
(1)
ˆ˜τ + /∆
(1)
ˆ˜τ +
2
r
∇˜P
(1)
ˆ˜τ − 2
r
P · ∇˜⊗ˆ
(1)
ˆ˜τ − 4
r
µ
r
(1)
ˆ˜τ = −1
r
dr⊗ˆd˜ (1)σ, (91)
˜trg˜
(1)
τ˜ + /∆trg˜
(1)
τ˜ = 0, (92)
˜
(1)
η˜ + /∆
(1)
η˜ − 2
r
(
∇˜
(1)
η˜
)
P
+
2
r2
dr
(1)
η˜P = 0, (93)
˜
(1)
σ + /∆
(1)
σ +
2
r
∇˜P (1)σ + 2
r2
(1)
σ =
4
r2
(1)
ˆ˜τ PP (94)
along with the relations
δ˜
(1)
ˆ˜τ +
1
2
d˜
(1)
σ = 0, (95)
trg˜
(1)
τ˜ = 0, (96)
δ˜
(1)
η˜ = 0. (97)
In particular,
(1)
η˜ is co-closed. Arguing as in the Poincaré lemma for the simply connected manifold Q, it thus
follows that there exists a unique, smooth function
(1)
Φ ∈ Λ(M) and a smooth function f on S2, with vanishing
projection to l = 0,= 1, such that
(1)
η˜ = −⋆˜d˜
(
r
(1)
Φ + f
)
.
Inserting this ansatz into (93) and integrating yields
˜
(1)
Φ + /∆
(1)
Φ +
3
r
µ
r
(1)
Φ =
1
r
F − r /∆f − 2
r
f. (98)
Here, F is a smooth function on S2 with vanishing projection to l = 0, 1. This uniquely fixes f by demanding
r2 /∆f + 2 = F .
Conversely, contracting (95) successively with P and ⋆˜ dr results in the relations
−2δ˜
(1)
ζ˜ + r˜
(1)
σ = 0, d˜
(1)
ζ˜ = 0 (99)
37One could of course derive this by hand but the much more efficient approach is to perform the computations in the
Regge–Wheeler gauge of section 9.1 and then appeal to the gauge-invariance of all quantities under consideration.
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where
(1)
ζ˜ :=
(1)
ˆ˜τ P − r2 d˜
(1)
σ. Consequently, contracting now (91) with P and utilising (94) yields
− 1
r2
d˜
(
4r
(1)
ζ˜P − r3 /∆ζ
(1)
σ
)
+ 2 /∆
(1)
ζ˜ = 0, − 1
r2
d˜
(
r2δ˜
(1)
ζ˜ + 3M
(1)
σ
)
+ /∆
(1)
ζ˜ = 0. (100)
Now as
(1)
ζ˜ is closed there exists a unique, smooth
(1)
ϕ ∈ Λ(M) and a smooth function g on S2 with vanishing
projection to l = 0, 1 such that
(1)
ζ˜ = d˜
(
(1)
ϕ + g
)
(101)
for which, by relations (100), the following decoupled equation must hold
/∆ζ˜
(1)
ϕ + /∆ /∆
(1)
ϕ +
2
r2
/∆
(1)
ϕ − 6µ
r3
∇˜P (1)ϕ = 0. (102)
Here, we have once more used an implicit integration constant to uniquely specify g.
Thus, recalling that the operator /ζ is a bijection on the space Λ(M), the unique function
(1)
Ψ ∈ Λ(M) defined
by
/ζ [1]
(1)
ϕ :=
(1)
Ψ (103)
satisfies (using the commutation formulae of Lemma 4.6.10)
˜
(1)
Ψ + /∆
(1)
Ψ +
3
r
µ
r
(1)
Ψ − 6
r
µ
r
(2− 3µ)/ζ [1]
(1)
Ψ − 18µ
r
µ
r
(1− µ)/ζ [2]
(1)
Ψ = 0.
To conclude the theorem we simply reverse our steps. Indeed, from (100) we find
(1)
σ = −2r /∆
(1)
Ψ + 4∇˜P
(1)
Ψ + 12µr−1(1− µ)/ζ [1]
(1)
Ψ.
This combined with the definition of
(1)
ζ˜ finally yields
(1)
ˆ˜τ = ∇˜⊗ˆd˜
(
r
(1)
Ψ
)
+ 6µd˜r⊗ˆ/ζ [1]d˜
(1)
Ψ.
We make the following remark.
Remark 7.2.4. As observed in [38], one can exploit relations (99)-(100) to construct a solution to the Regge–Wheeler
equation by considering the quantity
(1)
φ = −r2δ˜
(1)
ζ˜ .
One might then be tempted to avoid the use of the Zerilli equation altogether. The problem however, is that it
is not clear how to construct the gauge invariant quantities
(1)
ˆ˜τ and
(1)
σ from
(1)
φ in a manner that is useful for the
later analysis. This is manifestly not true if one instead introduces the Zerilli quantity
(1)
Ψ.
We end this section with the following corollary, the proof of which is due to Moncrief [20].
Corollary 7.2.5. Let S be a smooth solution to the system of gravitational perturbations. Then
(1)
Φ and
(1)
Ψ are
gauge-invariant.
Proof. We claim that:
/∆
(1)
Φ +
2
r2
(1)
Φ = −r⋆˜d˜
(
1
r2
(1)
η˜
)
, /∆
(1)
Ψ =
2
r
/ζ [1]
(1)
ˆ˜τ PP −
1
2
1
r
(1)
σ − ∇˜P /ζ [1] (1)σ (104)
from which the corollary would follow owing to the invertibility of the Laplacian over the space Λ(M).
Indeed, for the former one simply applies the curl operator ⋆˜d˜ to
(1)
η˜. For the latter, we note the relations
(1)
ζ˜P =
(1)
ˆ˜τ PP −
r
2
∇˜P (1)σ, 4r
(1)
ζ˜P = r
3 /∆ζ
(1)
σ + 2r2 /∆
(1)
ϕ.
Remark 7.2.6. Of course, one could use the relations (104) to define the quantities
(1)
Φ and
(1)
Ψ thus forgoing the
introduction of the quantities
(1)
ˆ˜τ , trg˜
(1)
τ˜ ,
(1)
η˜ and
(1)
σ. However the latter, now viewed simply as tensorial expressions
in
(1)
Φ and
(1)
Ψ, will in fact appear frequently throughout the text.
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8 Initial data and well-posedness of linearised gravity
In this section we establish a well-posedness theorem for the equations of linearised gravity as a Cauchy initial
value problem, thereby initiating their formal analysis.
8.1 Initial data for linearised gravity
We begin with a specification of Cauchy initial data for the equations of linearised gravity, a process which is
complicated by the existence of constraints.
8.1.1 Admissible initial data sets for the equations of linearised gravity
First we provide a definition of admissible initial data for the equations of linearised gravity. Such data is to
be defined on the initial Cauchy hypersurface Σ of section 4.3.
In what follows, we remind the reader of the contents of section 4.3.1 on Sν-tensor analysis, in particular
the decomposition of the second fundamental form of Σ, along with the definition of the lapse quantity
(1)
h¯ and
the future-pointing unit normal to Σ.
Definition 8.1.1. We consider the following quantities:
• the smooth functions
(1)
N,
(1)
b¯,
(1)
h¯, /tr
(1)
/h,
(1)
k¯ and
(1)(
trk
)
on Σ
• the smooth Sν 1-forms
(1)
b,
(1)
h and
(1)
k
• the smooth, symmetric, traceless 2-covariant Sν-tensor fields
(1)
/ˆh and
(1)
/ˆk
Then we say that the collection
A :=
(
(1)
N,
(1)
b¯,
(1)
b,
(1)
h¯,
(1)
h,
(1)
/ˆh, /tr
(1)
/h,
(1)
k¯,
(1)
k,
(1)
/ˆk,
(1)(
trk
))
is an admissible initial data set for the equations of linearised gravity if the following identities hold:
0 = H /tr
(1)
/h − 2
r3
/∇ν
(
1
h¯
r3 /div
(1)
h
)
+
2
h¯
/∆
(1)
h¯ − /div /div
(1)
/ˆh − 4
r2
h¯2 /∇ν
(
r
h¯4
(1)
h¯
)
− 3k¯
(1)
k¯ +
4
3
trk
(1)(
trk
)
, (105)
0 = /div
(1)
k − 2
3
/∇ν
(1)(
trk
)
+
1
r3
/∇ν
(
r3
(1)
k¯
)
+
3
4
k¯ /∇ν /tr
(1)
/h − 3
2
k¯
h¯
/div
(1)
h, (106)
0 = /div
(1)
/ˆk +
1
r3
/∇ν
(
r3
(1)
k
)
− 3
2
/∇
(1)
k¯ − 3
2
k¯
h¯
/∇
(1)
h¯ − 1
2
(
2
3
trk − k¯
)
/div
(1)
/ˆh. (107)
Here, H is the operator defined by
H · = 1
r3
/∇ν
(
r3 /∇ν ·
)
+
1
2
/∆ ·+ 1
r2
(
1− r
1 + µ
/∇ν h¯
)
· . (108)
Given such an admissible data set, initial data on the hypersurface Σ for the equations of linearised gravity is
defined as follows.
For the symmetric, traceless 2-covariant Q-tensor
(1)
ˆ˜g
(1)
ˆ˜gnn
∣∣∣
Σ
: = − 1
N
(1)
N +
1
h¯
(1)
h¯,(
Ln
(1)
ˆ˜g
nn
∣∣∣
Σ
: =
(1)
w1,
(1)
ˆ˜gnν
∣∣∣
Σ
: =
(1)
b¯ − 2µ
h¯
(1)
h¯,
: =
(1)
s¯,(
Ln
(1)
ˆ˜g
nν
∣∣∣
Σ
: =
(1)
w
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and
(1)
ˆ˜gνν
∣∣∣
Σ
: = − 1
N
(1)
N +
1
h¯
(1)
h¯,(
Ln
(1)
ˆ˜g
νν
∣∣∣
Σ
: = 2
(1)
k¯ +
2
3
(1)(
trk
)
+ /∇ν
(1)
s¯ − 2µh¯ /∇ν
(
1
h¯
(1)
h¯
)
+
2
h¯
(
k¯ +
1
3
trk
)
(1)
h¯ − 1
2
(1)
w2.
For the function trg˜
(1)
g˜
trg˜
(1)
g˜
∣∣∣
Σ
: =
2
N
(1)
N +
2
h¯
(1)
h¯,(
Lntrg˜
(1)
g˜
)∣∣∣
Σ
: =
(1)
w2.
For the Q⊗ S 1-form (1)g
(1)
gn
∣∣∣
Σ
: = h¯ ·
(1)
b − µ
h¯
(1)
h,
: =
(1)
s,(
Ln (1)g
)
n
∣∣∣
Σ
: =
(1)
/w
and
(1)
gν
∣∣∣
Σ
: =
1
h¯
(1)
h,(
Ln (1)g
)
ν
∣∣∣
Σ
: = 2
(1)
k + /∇ν (1)s + /∇
(1)
s¯ − 1
r
(1)
s − 1
2
1
h¯
(
k¯ − 2
3
trk
)
(1)
h.
For the symmetric, traceless 2-covariant S-tensor
(1)
/ˆg
(1)
/ˆg
∣∣∣
Σ
: =
(1)
/ˆh,(
Ln
(1)
/ˆg
∣∣∣
Σ
: = 2
(1)
/ˆk − 2/D⋆2
(1)
s.
Finally, for the function /tr
(1)
/g
/tr
(1)
/g
∣∣∣
Σ
: = /tr
(1)
/h,(
Ln /tr
(1)
/g
)∣∣∣
Σ
: =
4
3
(1)(
trk
)− 2 (1)k¯ + 2 /div (1)s + 1
r
4
h¯
(1)
s¯ − 2
N
(
k¯ − 2
3
trk
)
(1)
N.
Here,
(1)
w1,
(1)
w2,
(1)
w and
(1)
/w are chosen such that the wave gauge conditions (77) and (78) are satisfied on Σ.
Remark 8.1.2. The collection A correspond to linearised versions of the lapse, shift and various decompositions
of the induced metric and second fundamental form of Σ. In particular, the coupled system of equations
(105)-(107) arise as the linearisation of the Gauss–Codazzi equations. Conversely, the four remaining constraints
arise as a consequence of the divergence relation (62).
8.1.2 Seed data for linearised gravity
In view of these constraints on initial data we provide in this section a notion of freely prescribed seed data for
the equations of linearised gravity.
In what follows, we remind the reader of the space Λ(Σ) defined in section 4.5.5.
Definition 8.1.3. A smooth seed data set for the equations of linearised gravity consists of prescribing:
• four smooth functions
(1)
Φ¯,
(1)
¯
Φ,
(1)
Ψ¯,
(1)
¯
Ψ ∈ Λ(Σ)
• four smooth functions (1)
¯
v,
(1)
v¯,
(1)
¯
w and
(1)
w¯ on Σ
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• two smooth Sν 1-forms
(1)
/v and
(1)
/w
• a smooth function a on the horizon sphere H+ ∩ Σ given as a linear combination of the l = 1 spherical
harmonics (cf. section 4.5.1)
• a constant m
We will denote such a smooth seed initial data set by the collection
D =
(
(1)
Φ¯,
(1)
¯
Φ,
(1)
Ψ¯,
(1)
¯
Ψ,
(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w,m, a
)
.
8.2 The well-posedness theorem
In this section we establish the foundational well-posedness result for the equations of linearised gravity.
Theorem 8.2.1. Let D be a smooth seed data set on Σ. Then
i) there exists a unique extension of D to a smooth admissible initial data set A on Σ
ii) the initial data set A gives rise to a unique, smooth solution S to the equations of linearised gravity on
M∩D+(Σ).
Proof. The proof of the first part of the theorem is to be found in section A.1 of the appendix.
To prove the second part of the theorem we begin by uniquely constructing the collection of tensors fields
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g
on D+(Σ) where
•
(1)
ˆ˜g is a smooth, symmetric, traceless 2-covariant Q-tensor field
• trg˜
(1)
g˜ is a smooth function
• (1)g is a smooth Q⊗ S 1-form
•
(1)
/ˆg is a smooth, symmetric, traceless 2-covariant S-tensor field
• /tr (1)/g is a smooth function
by solving the following coupled system of (tensorial) wave equations with Cauchy data given by the initial
data set A according to Definition 8.1.1:
˜
(1)
ˆ˜g + /∆
(1)
ˆ˜g +
2
r
∇˜P
(1)
ˆ˜g − 2
r
(∇˜⊗ˆ (1)ˆ˜g)
P
− 4
r
µ
r
(1)
ˆ˜g =
1
r
dr ˆ˜⊗d˜trg˜
(1)
g˜ +
2
r
dr ˆ˜⊗ /div (1)g − 1
r
dr ˆ˜⊗d˜/tr (1)/g − ∇˜⊗ˆ
(
r−1
( (1)
ˆ˜g l=0
)
P
)
, (109)
˜trg˜
(1)
g˜ + /∆trg˜
(1)
g˜ = −2
r
δ˜
(( (1)
ˆ˜g l=0
)
P
)
+
2
r2
( (1)
ˆ˜g l=0
)
P
. (110)
˜
(1)
g + /∆
(1)
g − 2
r
(∇˜⊗ (1)g)
P
− 1
r2
(1)
g +
2
r2
dr⊗ (1)gP =
2
r
dr⊗ /div
(1)
/ˆg. (111)
˜
(1)
/ˆg + /∆
(1)
/ˆg − 2
r
∇˜P
(1)
/ˆg − 4
r
µ
r
(1)
/ˆg = 0, (112)
˜/tr
(1)
/g + /∆/tr
(1)
/g +
2
r
∇˜P /tr
(1)
/g +
2
r2
/tr
(1)
/g =
4
r2
(1)
ˆ˜gPP +
2
r2
trg˜
(1)
g˜ − 4
r2
( (1)
ˆ˜g l=0
)
PP
. (113)
We continue by introducing the smooth Q 1-form
(1)
w˜ and the smooth S 1-form
(1)
/w defined as
(1)
w˜ : = −δ˜
(1)
ˆ˜g + /div
(1)
g − 1
2
d˜/tr
(1)
/g +
1
r
( (1)
ˆ˜g l=0
)
P
,
(1)
/w : = −δ˜ (1)g − 1
2
/∇trg˜
(1)
g˜ + /div
(1)
/ˆg.
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It then follows from equations (109)-(113) that
(1)
w˜ and
(1)
/w satisfy the tensorial system of wave equations
˜
(1)
w˜ + /∆
(1)
w˜ +
2
r
∇˜P
(1)
w˜ − 2
r2
dr
(1)
w˜P =
2
r
dr /div
(1)
/w,
˜
(1)
/w + /∆
(1)
/w − 1
r2
(1)
/w = −2
r
/∇
(1)
w˜P
with trivial Cauchy data. Indeed, that this data vanishes is a consequence of the initial data set A being
admissible, and is by now a classical result. See for instance the book of Choquet-Bruhat [10].
Consequently, by uniqueness it must be that
(1)
w˜ and
(1)
/w vanish globally on D+(Σ). Thus, since the vanishing
of these quantities is, by definition, equivalent to the validity of the wave gauge conditions (77)-(78), it follows
that the collection
S =
(
(1)
ˆ˜g, trg˜
(1)
g˜,
(1)
g,
(1)
/ˆg, /tr
(1)
/g
)
defines the unique solution to the system of gravitational perturbations which agrees with the admissible initial
data set A .
We make the following remarks.
Remark 8.2.2. The construction of A in Theorem A.1.1 reveals that the seed quantities
(1)
Φ¯,
(1)
¯
Φ,
(1)
Ψ¯ and
(1)
¯
Ψ
determine Cauchy data for the gauge-invariant quantities
(1)
Φ and
(1)
Ψ respectively.
Remark 8.2.3. See section 2.3 of the overview for comments regarding the parametrisation of the space of
solutions to the constraint equations (105)-(107) by the seed data D .
8.3 Pointwise strong asymptotic flatness
In this final section we provide a notion of asymptotic flatness on the seed data for which the main Theorem of
section 10 will be most naturally formulated.
In order to present this definition in the most concise manner possible requires a concise notation for
collections of seed quantities along with higher order derivatives thereof.
Indeed
• the quantity
(1)
ψ¯ denotes either of the pair
( (1)
Φ¯,
(1)
Ψ¯
)
• the quantity
(1)
¯
ψ denotes either of the pair
(
(1)
¯
Φ,
(1)
¯
Ψ
)
• the quantity (1)v¯ denotes any of the triple
(
(1)
¯
v,
(1)
v¯,
(1)
/v
• the quantity (1)
¯
v denotes any of the triple
(
(1)
¯
w,
(1)
w¯,
(1)
/w
)
Moreover, we have the shorthand notation for higher order derivatives
|DnS| :=
n∑
i+j=0
|(r /∇ν)i(r /∇)jS|.
Here, S is any smooth Sν-tensor.
The regularity we are to impose on the seed is then defined below.
In what follows, we remind the reader of the pointwise norm /g defined in section 4.3.2.
Definition 8.3.1. Let 0 < s ≤ 1 and n ≥ 2. Then we say that a smooth seed data set D is strongly
asymptotically flat with weight s to order n provided that the seed quantities satisfy the following pointwise
estimates on Σ: ∣∣Dn−2(r 12+s (1)ψ¯)∣∣
/g
+
∣∣Dn−3(r 32+s (1)
¯
ψ
∣∣
/g
. Cn,∣∣Dn+1(r 12+s (1)v¯ ∣∣
/g
+
∣∣Dn(r 32+s (1)
¯
v
)∣∣
/g
. Cn.
Here, the Cn are constants depending only on n.
We note the important property of this notion of pointwise asymptotic flatness in that it propagates under
part i) of Theorem 8.2.1. See Proposition A.2.1 in the Appendix. In regards to propagating under evolution,
see Remark 10.2.6.
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9 Gauge-normalised solutions and identification of the Kerr parameters
In this section we consider certain solutions to the equations of linearised that are realised as the addition of
a pure gauge solution of section 6.2 to a solution to the equations of linearised gravity arising under Theorem
8.2.1.
It is for these gauge-normalised solutions that the quantitative boundedness and decay statements of section
10 shall be formulated.
9.1 The K
m,a-adapted Regge–Wheeler gauge
The “gauge” we are to introduce is actually a family of gauges, a member of which is said38 to be a Km,a-adapted
Regge–Wheeler gauge.
This gauge is so named as it is a modification of the Regge–Wheeler gauge employed by Regge and Wheeler
in [18] adapted now to the equations of linearised gravity. See section 2.4 of the overview for further discussion.
9.1.1 The projection onto and away from l = 0, 1
We begin by defining the projection of a solution to the equations of linearised gravity onto and away from
l = 0, 1, the former of which shall be used in the definition of the Km,a-Regge–Wheeler gauge.
This section of the paper is lifed almost verbatim from section 9.5.1 in [1].
First we provide a definition of a solution S having support only on l = 0, 1.
Definition 9.1.1. Let S be a smooth solution to the equations of linearised gravity.
Then we say that S is supported only on l = 0, 1 iff all quantities in S are supported only on l = 0, 1 (cf.
Definitions 4.5.3 and 4.5.5). In particular,
(1)
/ˆg = 0.
Conversely, we say that S has vanishing projection to l = 0, 1 iff all quantities in S have vanishing
projection to l = 0, 1 (cf. Definitions 4.5.3 and 4.5.5).
One then has the following proposition, which follows easily from linearity along with Propositions 4.5.4
and 4.5.6.
Proposition 9.1.2. Let S be a smooth solution to the equations of linearised gravity. Then one has the unique,
orthogonal decomposition
S = Sl=0,1 + S
′
where Sl=0,1 is a smooth solution to the equations of linearised gravity supported only on l = 0, 1 and S ′ is a
smooth solution to the equations of linearised gravity that has vanishing projection to l = 0, 1.
Finally, the projection of S onto and away from l = 0, 1 is defined below.
Definition 9.1.3. Let S be a smooth solution to the equations of linearised gravity.
Then we call the map
S → Sl=0,1
the projection of S onto l = 0, 1.
Conversely, we call the map
S → S ′
the projection of S away from l = 0, 1.
Remark 9.1.4. Observe that the linearised Kerr solutions Km,a of Proposition 6.1.3 are supported only on
l = 0, 1. Thus K ′
m,a = 0.
38See section 2.4 of the overview for a comment on the nomenclature.
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9.1.2 The Km,a-adapted Regge–Wheeler gauge
We are now in a position to define (a member) of the Km,a-adapted Regge–Wheeler gauge.
Definition 9.1.5. Let m ∈ R and let a be a smooth function on S2 supported only on l = 1. Then a solution
S to the equations of linearised gravity is said to be in the Km,a-adapted Regge–Wheeler gauge iff the following
conditions hold on Σ:
• the propagation gauge conditions:
/div
(1)
g
∣∣∣
Σ
= Ln /div (1)g
∣∣∣
Σ
= 0,
(1)
/ˆg
∣∣∣
Σ
= Ln
(1)
/ˆg
∣∣∣
Σ
= 0
• the Kerr gauge condition:
Sl=0,1
∣∣∣
Σ
= Km,a
∣∣∣
Σ
We make the following remark.
Remark 9.1.6. Observe that, for a solution S arising from a seed data set D under Theorem 8.2.1, the
conditions of Definition 9.1.5 can be verified either from the seed or from the admissible initial data set
constructed from it according to i) of said theorem. In particular, the parameters m and a are determined
explicitly from the seed (see Definition 8.1.3).
9.2 Achieving the K
m,a-adapted Regge–Wheeler gauge: the initial-data-normalised solution
S˚
m,a
In this section we show that, given a solution to the equations of linearised gravity arising under Theorem
8.2.1, one can indeed add to it a pure gauge solution for which the resulting solution is in a Km,a-adapted
Regge–Wheeler gauge.
In the following theorem statement we shall employ the notation Dm,a for a seed data set to explicitly
reference the constant m and function a it contains as per Definition 8.1.3.
Theorem 9.2.1. Let S be the smooth solution to the equations of linearised gravity arising from the smooth
seed data set Dm,a that is strongly asymptotically flat with weight s to order n ≥ 2. Then there exists a unique
pure gauge solution G˚m,a such that the resulting (unique) solution
S˚m,a := S + G˚m,a
is in the Km,a-adapted Regge–Wheeler gauge. Moreover, the seed data of G˚ is strongly asymptotically flat with
weight s to order n ≥ 2.
In view of Remark 9.1.6 the solution Sm,a constructed above is thus said to be initial-data-normalised.
The remainder of this section is concerned with the proof of Theorem 9.2.1.
9.2.1 Parametrising the space of pure gauge solutions
In order to prove Theorem 9.2.1 we first parametrise the class of pure gauge solutions to the equations of
linearised gravity certain quantities Σ.
Indeed the subsequent lemma, which we only state, when combined with Proposition 6.2.1 establishes
a bijection between the space of pure gauge solutions and the freely prescribed quantities appearing in the
statement of the lemma. This bijection will thus ensure uniqueness of the pure gauge solutions constructed in
the proof of Theorem 9.2.1.
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Lemma 9.2.2. Let
¯
w, w¯,
¯
v, v¯ be four smooth functions on Σ and let /w, /v be two smooth Sν 1-forms. Then there
exists a unique, smooth Q 1-form v˜ and a unique, smooth S 1-form /v satisfying
˜v˜ + /∆v˜ − 2
r
(∇˜v˜)
P
+
2
r2
dr v˜P = −1
r
(∇˜ ⊗ v˜l=0)P ,
˜/v + /∆/v − 2
r
∇˜P /v + 1
r2
(3− 4µ)/v = 0
with
v˜n
∣∣
Σ
=
¯
v, v˜ν
∣∣
Σ
= v¯, /v
∣∣
Σ
= /v,(
∇˜nv˜n
)∣∣∣
Σ
=
¯
w,
(
∇˜nv˜ν
)∣∣∣
Σ
= w¯,
(
∇˜n/v
)∣∣∣
Σ
= /w.
9.2.2 Proof of Theorem 9.2.1
We now prove Theorem 9.2.2.
Proof. We consider the seed data set for the solution S :
D =
(
(1)
Φ¯,
(1)
¯
Φ,
(1)
Ψ¯,
(1)
¯
Ψ,
(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w,m, a
)
.
We make the following observations.
First, from both the construction of the admissible initial data set A from D in accordance with Theorem
A.1.1 of the Appendix combined with the construction of initial data for the collection S from A according to
Definition 8.1.1 it follows that if the seed quantities
(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w all vanish then the solution S will satisfy
the conditions of Definition 9.1.5 with the parameters m and a determined from Dm,a.
Second, it follows once more from the proof of Theorem A.1.1 that the seed quantitites
(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w
correspond to initial data for the generators v˜ and /v of a pure gauge solution G in accordance with Lemma
9.2.2.
Combining these two observations, it thus suffices to define the pure gauge solution G˚m,a as the pure gauge
solution that arises from Proposition 6.2.1 combined with Lemma 9.2.2 in which the quantities
¯
w, w¯,
¯
v, v¯, /w, /v
are defined according to
¯
v = − (1)
¯
v,
v¯ = − (1)v¯,
/v = −
(1)
/v,
¯
w = − (1)
¯
w,
w¯ = − (1)w¯,
/w = −
(1)
/w.
Finally, since by construction the seed data of G˚m,a is given by
D
G˚m,a
=
(
0, 0, 0, 0,− (1)
¯
v,− (1)v¯,−
(1)
/v,− (1)
¯
w,− (1)w¯,−
(1)
/w, 0, 0
)
the seed data set D
G˚m,a
thus inherits the regularity of D .
9.3 Global properties of the solution S˚
m,a
In this final section we prove certain global properties of the solution S˚m,a which will be fundamental in
establishing the boundedness and decay statements of Theorem 1.
Proposition 9.3.1. Let S˚m,a be the unique initial-data-normalised solution to the equations of linearised gravity
that arises in accordance with Theorem 9.2.1. Then the following hold on D+(Σ):
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• the propagation conditions propagate:
/div
(1)
g = 0,
(1)
/ˆg = 0
• the Kerr condition propagates: (
S˚m,a
)
l=0,1
= Km,a
Moreover, the linearised Q-trace trg˜
(1)
g˜ vanishes on D+(Σ):
trg˜
(1)
g˜ = 0.
Proof. We have by the uniqueness criterion of Theorem 8.2.1 that the only smooth solution to the system of
gravitational perturbations for which the initial data is exactly that of the linearised Kerr solution Km,a is the
linearised Kerr solution Km,a. This yields the propagation of the Kerr gauge condition.
Moreover, we have from equation (75) that the linearised metric quantity
(1)
/ˆg associated to the solution S˚m,a
satisfies the wave equation
˜
(1)
/ˆg + /∆
(1)
/ˆg − 2
r
∇˜P
(1)
/ˆg − 4
r
µ
r
(1)
/ˆg = 0
with trivial Cauchy data. It therefore follows from a standard Grönwall estimate that
(1)
/ˆg vanishes globally.
Consequently, turning now to equation (74) we have that the linearised metric quantity /div
(1)
g associated to
the solution S˚m,a satisfies the wave equation
˜ /div
(1)
g + /∆ /div
(1)
g − 2
r
(∇˜ /div (1)g)
P
+
2
r2
dr /div
(1)
gP = 0
with trivial Cauchy data and thus must vanish globally by Grönwall.
Finally, combining the vanishing of
(1)
/ˆg and /div
(1)
g for the solution S˚m,a with the gauge condition (78) yields
/∆trg˜
(1)
g˜ = 0.
It follows that trg
(1)
g is spherically symmetric. However, since the Kerr gauge condition propagates, the spherically
symmetric part of the solution S˚m,a is the linearised Kerr solution Km,0 for which trg
(1)
g = 0 by Proposition 6.1.2.
This completes the proof of the proposition.
We make the following remarks.
Remark 9.3.2. It is immediate from the proof that any solution that is in a Km,a-adapted Regge–Wheeler gauge
will also satisfy the conclusions of Proposition 9.3.1.
Remark 9.3.3. We note that although the quantity /curl
(1)
g associated to the solution S˚m,a satisifes the same
decoupled equation as /div
(1)
g one cannot set it to vanish since in the Km,a-adapted Regge–Wheeler gauge /curl
(1)
g is
gauge-invariant.
We also have the following Corollary to Proposition 9.3.1 which we shall exploit in the proof of Theorem 1
of section 10.
In what follows, we remind the reader of the gauge-invariant quantities
(1)
Φ and
(1)
Ψ constructed in Theorem
7.2.3 and the operator /T f defined in section 4.6.3.
Corollary 9.3.4. Let S˚m,a be as in Proposition 9.3.1. Then the following relations hold on D+(Σ):
/T f
(1)
ˆ˜g = ∇˜⊗ˆd˜
(
r
(1)
Ψ
)
+ 6µ dr⊗ˆ/ζ [1]d˜
(1)
Ψ,
r4 /curl /div /∇⊗ˆ (1)g = −⋆˜d˜
(
r
(1)
Φ
)
,
/T f /tr
(1)
/g = −2r /∆
(1)
Ψ + 4∇˜P
(1)
Ψ + 12µr−1(1− µ)/ζ [1]
(1)
Ψ.
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Proof. We recall from Theorem 7.2.3 that associated to any solution S to the equations of linearised gravity
the gauge-invariant quantities
(1)
ˆ˜τ ,
(1)
η˜ and
(1)
σ of Proposition 7.2.1 satisfy
(1)
ˆ˜τ = ∇˜⊗ˆd˜
(
r
(1)
Ψ
)
+ 6µ dr⊗ˆ/ζ [1]d˜
(1)
Ψ,
(1)
η˜ = −⋆˜d˜
(
r
(1)
Φ
)
,
(1)
σ = −2r /∆
(1)
Ψ + 4∇˜P
(1)
Ψ + 12µr−1(1− µ)/ζ [1]
(1)
Ψ.
However, since by Proposition 9.3.1 the linearised metric quantities
(1)
/ˆg and /div
(1)
g vanish globally for the solution
S˚m,a it follows by definition that S˚m,a
/T f
(1)
ˆ˜g =
(1)
ˆ˜τ ,
r4 /curl /div /∇⊗ˆ (1)g =
(1)
η˜,
/T f /tr
(1)
/g =
(1)
σ.
We end this section with the following interesting result, the truth of which is immediate from the above.
Corollary 9.3.5. Let S be a smooth solution to the equations of linearised gravity arising from the smooth
seed data Dm,a. Suppose further that the gauge-invariant quantities
(1)
Ψ and
(1)
Φ associated to S vanish. Then S
is the sum of the pure gauge solution G˚m,a and the linearised Kerr solution Km,a:
(1)
Ψ =
(1)
Φ = 0 =⇒ S = G˚m,a + Km,a.
10 Precise statements of the main theorems
In this section we finally give the precise statements regarding quantitative boundedness and decay for the
initial-data-normalised solution S˚m,a, to be measured in certain flux and integrated decay norms on M as in
Theorem 1. The remainder of the paper then concerns the proof of said theorem.
We also include in this section a statement regarding quantitative boundedness and decay for solutions to
the Regge–Wheeler and Zerilli equations on M, to be proved in our upcoming [5], the conclusions of which
shall be fundamental for the proof of Theorem 1.
10.1 Flux and integrated decay norms
We begin by defining these flux and integrated decay norms by their action on smooth tensor fields on M.
First we consider smooth functions ψ on M.
In what follows, we remind the reader of the function τ⋆ defined in section 4.4 and the norms on spheres
defined in section 4.6.1.
We associate to ψ the energy norm
E[ψ](τ⋆) :=
∫ R
2M
(
||Sψ||2L2
τ⋆,r
+ ||Lψ||2L2
τ⋆,r
+ || /∇ψ||2L2
τ⋆,r
)
dr +
∫ ∞
R
(
||L(rψ)||2L2
τ⋆,r
+ || /∇(rψ)||2L2
τ⋆,r
)
dr
and the (weighted) flux norms
F[ψ] : = sup
τ⋆∈[τ⋆0 ,∞)
E[ψ](τ⋆)
+ sup
τ⋆∈(−∞,∞)
∫ ∞
R
(
r2||L(rψ)||2L2
τ⋆,r
+ || /∇(rψ)||2L2
τ⋆,r
)
dr +
∫ +∞
−∞
(
‖r(L− 2S)(rψ)‖2
I
+,τ⋆ + ‖r /∇(rψ)‖2I+,τ⋆
)
dτ⋆
where we define, for any τ⋆,
‖ · ‖2
I
+
τ⋆
:= lim
r→∞
||·||2L2
τ⋆,r
.
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We morever define the initial flux norms along the initial Cauchy hypersurface Σ,
D[ψ] :=
∫ ∞
2M
r2
(
‖ /∇νψ‖2Σ,r + ‖ /∇ψ‖2Σ,r + ‖nψ‖2Σ,r
)
dr,
We further associate to ψ the integrated decay norm
M[ψ] :=
∫ ∞
τ⋆0
∫ ∞
2M
1
r3
(
||S(rψ)||2L2
τ⋆,r
+ ||L(rψ)||2L2
τ⋆,r
+ || /∇(rψ)||2L2
τ⋆,r
+ ||rψ||2L2
τ⋆,r
)
dτ⋆ dr
and the (weighted, degenerate) integrated decay norms
I[ψ] :=
∫ ∞
τ⋆0
∫ R
2M
(r − 3M)2
(
||Sψ||2L2
τ⋆,r
+ ||Lψ||2L2
τ⋆,r
+ || /∇ψ||2L2
τ⋆,r
+ ||ψ||2L2
τ⋆,r
)
dτ⋆ dr
+
∫ ∞
τ⋆0
∫ ∞
R
(
r||L(rψ)||2L2
τ⋆,r
+ r1+β0−2|| /∇(rψ)||2L2
τ⋆,r
)
dτ⋆ dr.
Here, β0 > 0 is a fixed constant such that 1− β0 << 1.
Higher order (weighted) flux norms are defined as follows:
F
n[ψ] :=
n∑
i+j+k=0
F[Si(rL)k(r /∇)kψ]
with analagous definitions for the higher order energy and integrated decay norms. Conversely, for higher order
versions of the initial flux norms we define
D
n[ψ] :=
n∑
i+j=0
D[(r /∇ν)i(r /∇)kψ].
One also has the above when restricted to angular derivatives:
F
n, /∇[ψ] :=
n∑
i=0
F[(r /∇)kψ]
with analagous definitions for the higher order energy and integrated decay norms.
Next we consider smooth tensor fields on M.
Indeed, with the following definition the norms39 E,F,M and I, along with their higher order counter parts,
easily generalise to smooth Q-tensors, smooth Q⊗ S 1-forms and smooth S-tensors.
Definition 10.1.1. Let n be a positive integer and suppose that X ∈ span{S,L}.
Then if Q is a smooth 2-covariant Q-tensor we define the action of X on Q in the norm | · |/g as∣∣XnQ∣∣2
/g
:=
∣∣(∇˜nXQ)TT (∇˜nXQ)TL∣∣+ ∣∣(∇˜nXQ)TL∣∣2 + ∣∣(∇˜nXQ)TL(∇˜nXQ)LL∣∣+ ∣∣(∇˜nXQ)LL∣∣2.
Conversely, if θ is a smooth 2-covariant S-tensor then we define the action of X on Q in the norm | · |/g as∣∣Xnθ∣∣2
/g
:=
∣∣∇˜nXθ∣∣2.
Finally, if ω is a smooth Q⊗ S 1-form then we define the action of X on ω in the norm | · |/g as∣∣Xnω∣∣2
/g
:=
∣∣(∇˜nXω)T (∇˜nXω)L∣∣+ ∣∣(∇˜nXω)L∣∣2.
Lastly, we introduce a concise notation to describe the action of the above defined norms now on (collections)
of linearised quantities.
Indeed, if
(1)
ψ = {
(1)
ψ1, ...,
(1)
ψn} denotes a collection of linearised quantities we define
(1)
F
n
p [ψ] :=
n∑
i=1
F
n
p [
(1)
ψi]
with analagous definitions for the norms E,M, I and D.
Finally, if S is a smooth solution to the equations of linearised gravity we define, for p ∈ R,
(1)
F
n[rpS ] :=
(1)
F
n[rp ˆ˜g] +
(1)
F
n[rptrg˜g˜] +
(1)
F
n[rpg] +
(1)
F
n[rp/ˆg] +
(1)
F
n[rp /tr/g]
with analagous definitions for the remaining norms.
39Generalising the D norms will be unecessary.
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10.2 Theorem 1: Boundedness and decay for the initial-data-normalised solution S˚
m,a
In this section we state Theorem 1 concerning boundedness and decay for the solution S˚m,a in the (appropriate)
norms of the previous section, the proof of which is the content of section 11. We also give several remarks and
a statement of pointwise decay which follows as a corollary from Theorem 1.
10.2.1 Statement of Theorem 1
The theorem statement is as given below.
In what follows, we remind the reader of the (gauge-invariant) quantities
(1)
Φ and
(1)
Ψ defined in section 7.
Theorem 1. Let S be the smooth solution to the equations of linearised gravity arising from the smooth seed
data set Dm,a. We assume that S is in the Km,a-adapted Regge–Wheeler gauge.
We further assume finiteness of the following initial flux norm on Σ:
(1)
∆5[S ] :=
(1)
D
3[r−1Φ, r−1Ψ].
Then the norm propagates under evolution:
(1)
F
3[r−1Φ, r−1Ψ] .
(1)
∆5[S ]. (114)
Moreover, for the projection of S away from l = 0, 1,
S
′ = S −Km,a
the initial flux norms in addition control weighted energies and integrated decay norms for up to 6 angular
derivatives of the linearised metric:
i) the flux estimates
(1)
F
5, /∇[r−
3
2S
′] .
(1)
∆5[S ]
ii) the integrated decay estimates
(1)
M
4, /∇[r−
3
2S
′] +
(1)
I
5, /∇[r−
3
2S
′] .
(1)
∆5[S ].
In addition, valid for any τ⋆ ≥ τ0, one has the decay estimates
(1)
E
3, /∇[r−
3
2 S˚
′] .
1
τ⋆2
·
(1)
∆5[S ′].
10.2.2 Remarks on Theorem 1 and uniform pointwise decay
We make the following remarks regarding Theorem 1.
Remark 10.2.1. If one assumes that the seed data Dm,a is strongly asymptotically flat with weight s to order
n ≥ 8 then the initial-data-normalised solution S˚m,a constructed from Dm,a according to Theorem 9.2.1 satisfies
the assumptions and hence the conclusions of the theorem. In particular, the initial data norm is finite which
can in fact be verified explicitly from the seed data. Moreover, the linearised Kerr solution which arises as the
projection of S to l = 0, 1 is determined explicitly from the seed data Dm,a.
Remark 10.2.2. With further work one can recover the missing derivatives, although the loss of a full derivative
in the integrated decay norm M is unavoidable. See section 2.5.1 and 2.5.2 of the overview.
Remark 10.2.3. We are quite wasteful with the r-weights in the Theorem statement. In fact, for any quantity
other than
(1)
g associated to the solution S one can replace the weight r−
3
2 to r−1. Of course, by Proposition
9.3.1 trg˜
(1)
g˜ =
(1)
/ˆg = 0.
Remark 10.2.4. Observe that the quantities
(1)
Φ and
(1)
Ψ coincide for the solution S and S ′. One can thus
replace S by S ′ on the right hand side of the estimates found in i) and ii).
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Moreover, a standard application of Sobolev embedding on 2-spheres yields as an immediate corollary of
Theorem 1 the following uniform pointwise decay bounds on the solution S .
In what follows, we remind the reader of the family of hypersurfaces Ξτ⋆ defined in section 4.4.1 and the
pointwise norm
∣∣ · ∣∣
M
defined in section 4.4.2. Moreover, for a solution S to the equations of linearised gravity
we employ the shorthand notation∣∣rpS ∣∣
M
:=
∣∣rp (1)ˆ˜g∣∣
M
+
∣∣rptrg˜ (1)g˜∣∣
M
+
∣∣rp (1)g∣∣
M
+
∣∣rp (1)/ˆg∣∣
M
+
∣∣rp /tr (1)/g∣∣
M
.
Corollary 10.2.5. Let S and S ′ be as in the statement of Theorem 1. Then on the spacetime region D+(Σ)
one has the pointwise bounds ∣∣r− 12S ′∣∣
M
.
(1)
∆5[S ′].
Conversely, on the spacetime region D+
(
Ξτ⋆0
)
one has the pointwise decay∣∣r− 12 S˚ ′∣∣
M
.
1√
τ⋆
·
(1)
∆5[S ′].
In particular, the solution S˚m,a decays at an inverse polynomial rate to the linearised Kerr solution Km,a.
We make an additional remarks regarding Corollary 10.2.5.
Remark 10.2.6. Although the initial data norm propagates under evolution we do not propagate pointwise
asymptotic flatness for the solution S˚m,a. However, this can be rectified by modifying the choice of the linear
map Df
∣∣
gM
in section 5.3 and this modification shall be performed in our upcoming [5].
In fact, in this modified generalised wave gauge one can remove all r-weights in the norms of the Theorem
statement for an appropriately identified initial-data-normalised solution. Since this procedure is slightly cumbersome
however, for the purposes of this paper we prefer the simpler choice of gauge which we have utilised throughout.
10.3 Theorem 2: Boundedness and decay for solutions to the Regge–Wheeler and Zerilli
equations on the Schwarzschild exterior spacetime
In this final section we state Theorem 2 concerning a bounds for solutions to the Regge–Wheeler and Zerilli
equations on M, the conclusions of which shall play a key role in the proof of Theorem 1.
A proof of Theorem 2 can be found in the independent works [25] and [26]. Nevertheless, we shall reprove
it in our upcoming [5].
The theorem statement is as follows.
We remind the reader of the space Λ(M) defined in section 4.5.2 and the operator /ζ [p] of section 4.6.4.
Theorem 2. Let Φ,Ψ ∈ Λ(M) be smooth solutions to the Regge–Wheeler and Zerilli equations respectively:
˜Φ+ /∆Φ = − 6
r2
M
r
Φ, ˜Ψ+ /∆Ψ = − 6
r2
M
r
Ψ+
24
r3
M
r
(r − 3M)/ζ [1]Ψ+ 72
r5
M
r
M
r
(r − 2M)/ζ [2]Ψ.
We assume finiteness of the initial flux norms
D
5[r−1Φ, r−1Ψ].
Then the following estimates hold.
i) the flux estimates
F
5[r−1Φ, r−1Ψ] . D5[r−1Φ, r−1Ψ]
ii) the integrated decay estimates
M
4[r−1Φ, r−1Ψ] + I5[r−1Φ, r−1Ψ] . D5[r−1Φ, r−1Ψ]
In addition, for any τ⋆ ≥ τ⋆0 , one has the decay estimates
E
3[r−1Φ, r−1Ψ](τ⋆) .
1
τ⋆2
· D5[r−1Φ, r−1Ψ].
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11 Proof of Theorem 1
In this section we prove Theorem 1.
The proof in fact essentially follows from Theorem 2 combined with Proposition 9.3.1 and Corollary 9.3.4.
Throughout this section all linearised quantities are implicitly understood to be derived from the solution
S ′ of the equations of linearised gravity in Theorem 1.
11.1 Decay for the gauge-invariant quantities
(1)
Φ and
(1)
Ψ
In this section we apply Theorem 2 to the gauge-invariant quantities
(1)
Φ and
(1)
Ψ, which is applicable courtesy of
of Theorem 7.2.3. This immediately yields the following proposition.
Proposition 11.1.1. Let S ′ be as in the statement of Theorem 1. Then the quantities
(1)
Φ and
(1)
Ψ satisfy the
assumptions and hence the conclusions of Theorem 2.
11.2 Completing the proof of Theorem 1
In this section we complete the proof of Theorem 1.
Proof of Theorem 1. According to Proposition 9.3.1 and Corollary 9.3.4 the solution S ′ to the equations of
linearised gravity satisfies
/T f
(1)
ˆ˜g = ∇˜⊗ˆd˜
(
r
(1)
Ψ
)
+ 6µ dr⊗ˆ/ζ [1]d˜
(1)
Ψ, (115)
/T ξ (1)g = − /D⋆1
(
0, ⋆˜d˜
(
r
(1)
Φ
))
, (116)
/T f /tr
(1)
/g = −2r /∆
(1)
Ψ + 4∇˜P
(1)
Ψ + 12µr−1(1− µ)/ζ [1]
(1)
Ψ (117)
with trg˜
(1)
g˜ =
(1)
/ˆg = 0. The estimates in the statement of Theorem 1 then follow from dilligently commuting and
evaluating the tensorial expressions on the right hand sides of (115)-(117) in the frame {S,L} of section 4.4.2,
keeping careful track of r-weights, and then applying Proposition 11.1.1 to control flux and integrated decay
estimates of sufficiently many derivatives of
(1)
Φ and
(1)
Ψ. Since this is rather cumbersome in practice we only note
the key points (with the collective notation scheme under use being self-evident):
• Proposition 4.4.1 allows one to perfom all necessary computations in the {S,L} frame. In particular,
noting that we require commuting with r2∇˜L at most twice and that on D+(Σ) one has the bounds
|κ| ≤ 1, | κ1−µ | . C for some constant C, the (smooth) connection coefficients in this frame are of order
O(r−2) and hence play no role when evaluating the (commuted) tensorial expressions
• by definition of the flux and integrated decay norms the derivatives ∇˜L and /∇ always appear with an
additional r-weight, thus gaining in regularity towards I+
• to bound the (commuted) terms involving the operator /ζ [1] one applies the commutation relations of
Lemma 4.6.10 along with the estimates of Proposition 4.6.6
• to translate the bounds on the collection /TS ′ to the solution S ′ one uses the elliptic estimates of
Proposition 4.6.3 (recalling that the solution S ′ has vanishing projection to l = 0, 1)
• to control higher order derivatives one commutes the collection /TS ′ with ∇˜ and /A, using the commutation
relations of section 4.6.5 for the former, and then applies the elliptic estimates of Proposition 4.6.3
• by definition of the flux and integrated decay norms on Q-tensors and Q⊗ S 1-forms a contraction with
S always appears alongside a contraction with L thus ensuring40 the ∇˜-derivatives appearing on the right
had side of the above family of expression always contain at least one ∇˜L derivative
40Observe that this fact was made redundant in the proof of Proposition ?? by the presence of the operator d˜I.
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A Initial data for the equations of linearised gravity
In this section of the Appendix we consider the construction and regularity of initial data for the equations of
linearised gravity.
A.1 Constructing admissible initial data from seed data
We begin in this section by constructing admissible initial data for the equations of linearised gravity from
freely prescribed seed data, thereby establishing part i) of Theorem 8.2.1 in section 8.2.
The proof of the following theorem exploits the existence of three explicit classes of solutions to the equations
of linearised gravity each of which must necessarily generate three classes of admissible initial data.
Theorem A.1.1. Let D be a smooth seed data set for the equations of linearised gravity. Then there exists a
unique extension of D to a smooth admissible initial data set A .
Proof. Let D be the seed data set in question,
D =
(
(1)
Φ¯,
(1)
¯
Φ,
(1)
Ψ¯,
(1)
¯
Ψ,
(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w,m, a
)
.
We proceed in three steps.
1. From the subset of seed
( (1)
Ψ¯,
(1)
Φ¯,
(1)
¯
Ψ,
(1)
¯
Φ
)
lying in the space Λ(Σ) we construct the unique, smooth functions
(1)
Φ,
(1)
Ψ ∈ Λ(M) according to
˜Φ+ /∆Φ = − 6
r2
M
r
Φ, ˜Ψ+ /∆Ψ = − 6
r2
M
r
Ψ+
24
r3
M
r
(r − 3M)/ζ [1]Ψ+ 72
r5
M
r
M
r
(r − 2M)/ζ [2]Ψ.
(118)
with (
(1)
Φ, n
(1)
Φ
)∣∣∣
Σ
=
( (1)
Φ¯,
(1)
¯
Φ
)
,
(
(1)
Ψ, n
(1)
Ψ
)∣∣∣
Σ
=
( (1)
Ψ¯,
(1)
¯
Ψ
)
. (119)
This in turn, when combined with Corollary 4.6.4, (uniquely) determines the smooth solution S to the
equations of linearised gravity, which has vanishing projection to l = 0, 1, according to:
/T f
(1)
g˜ =
(1)
ˆ˜τ ,
/T ξ (1)g = /D⋆1
(
0,
(1)
η˜
)
,
/T θ
(1)
/ˆg = 0,
/T f /tr
(1)
/g =
(1)
σ,
/T f
(1)
f˜ =
2
r
(1)
ˆ˜τ P −
1
r
dr
(1)
σ,
/T ξ
(1)
6f = 2
r
/D⋆1
(
0,
(1)
η˜P
)
.
Indeed, that the above collection determines a solution to the equations of linearised gravity is immediate
from the existence of the Regge–Wheeler gauge in section 9.1 and the invertibility of the family of operators
/T over the space of tensor fields on M having vanishing projection to l = 0, 1.
We subsequently denote by A (1)
Φ¯,
(1)
Ψ¯,
(1)
¯
Φ,
(1)
¯
Ψ
the corresponding admissible initial data set for the equations of
linearised gravity determined from the collection S according to Definition 8.1.1 and the rules (118)-(119)
for projecting normal derivatives onto Σ.
2. From the subset of seed
(
m, a
)
we (uniquely) construct the linearised Kerr solution Km,a according to
Proposition 6.1.3.
We subsequently denote by Am,a the corresponding admissible initial data set for the equations of linearised
gravity determined from Km,a according to Definition 8.1.1.
62
3. From the subset of seed
(
(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w
)
we (uniquely) construct the smooth Q 1-form v˜ and the smooth
S 1-form /v according to
˜v˜ + /∆v˜ − 2
r
(∇˜v˜)
P
+
2
r2
dr v˜P = −1
r
(∇˜ ⊗ v˜l=0)P , ˜/v + /∆/v − 2r ∇˜P /v + 1r2 (3− 4µ)/v = 0
(120)
with (
v˜n, v˜ν , (∇˜nv˜)n, (∇˜nv˜)ν
)∣∣∣
Σ
=
(
(1)
¯
v,
(1)
v¯,
(1)
¯
w,
(1)
w¯
)
,
(
/v, ∇˜n/v
)∣∣∣
Σ
=
( (1)
/v,
(1)
/w
)
(121)
This in turn (uniquely) determines the pure gauge solution G generated by v˜ and /v according to Proposition
6.2.1.
We subsequently denote by A(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w
the corresponding admissible initial data for the equations of
linearised gravity determined from G according to Definition 8.1.1 and the rules (120)-(121) for projecting
normal derivatives onto Σ.
Hence, from the full seed D , we now determine the collection
A := A (1)
Φ¯,
(1)
Ψ¯,
(1)
¯
Φ,
(1)
¯
Ψ
+ Am,a + A(1)
¯
v,
(1)
v¯,
(1)
/v,
(1)
¯
w,
(1)
w¯,
(1)
/w
.
which, by linearity and steps 1.-3., thus determines an admissible initial data set for the system of gravitational
perturbations constructed uniquely from D .
We make the following remarks.
Remark A.1.2. We emphasize that the admissible initial data set constructed above is determined from
expressions in the seed quantities which can be written down explicitly. However, as this is quite cumbersome,
we prefer the more implicit approach presented above.
Remark A.1.3. Observe that imposing compact support on the seed quantities of steps 1. and 3. generates an
admissible initial data set A for which A −Am,a is compactly supported. Here, Am,a is the Kerr initial data set
constructed in step 2.
A.2 Propagation of strong asymptotic flatness
We continue in this section by proving that the assumption of strong pointwise asymptotic flatness on the seed
data actually propagates under Theorem A.1.1.
To state the result concisely will require introducing a collective notation for quantities on Σ which are
computable explicitly from the initial data set A .
Indeed, given the admissible initial data set A arising from the seed data set D we define
A
′ := A −Am,a
where Am,a is the admissible data set for the linearised Kerr solution as in the proof of Theorem A.1.1. We
then employ the collective notation:
• the quantity (1)g¯ ′ denotes any of the tuple
(
(1)
N ′,
(1)
b¯′,
(1)
b′,
(1)
h¯′,
(1)
h′,
(1)
/ˆh′, /tr
(1)
/h′
)
• the quantity (1)
¯
g ′ denotes any of the tuple( (1)
k¯ ′,
(1)
k ′,
(1)
/ˆk ′,
(1)(
trk
)′)
The proposition statement is then as follows.
Proposition A.2.1. Let D be a smooth seed data set for the equations of linearised gravity which is strongly
asymptotically flat with weight s to order n ≥ 7. Then the collection A ′ defined above satisfy the following
pointwise bounds on Σ: ∣∣Dn−4(r 32+s (1)g¯ ′)∣∣
/g
+
∣∣Dn−5(r 52+s (1)
¯
g ′
)∣∣
/g
. Cn.
Here, the Cn are constants depending only on the constants Cn appearing in Definition 8.3.1.
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Proof. The proof is more cumbersome than difficult and involves dilligently commuting and evaluating the
expressions for the metric quantities as given from Theorem A.1.1 which we observe, modulo the family of
operators /T , are explicit expressions in the seed quantities. For this reason we will only describe the main
steps. Moreover, we focus only on the bounds for
(1)
g¯ since for the other quantities the proof follows in a similar
fashion.
Indeed, from the construction of the admissible initial data in the proof of Theorem A.1.1 one derives the
estimates, for any i, j ≥ 0 and any r ∈ [2M,∞):
‖(r /∇ν)i /A[j] /T
(
r
1
2
+s (1)g¯ ′
)‖2Σ,r .‖Dmax{i,j}+2(r 12+s (1)ψ¯)‖2Σ,r + ‖Dmax{i,j}+1(r 32+s (1)
¯
ψ ‖2Σ,r.
Here, we employ the shorthand notation
‖DnS‖2Σ,r =
n∑
i+j=0
‖(r /∇ν)i(r /∇)jS‖2Σ,r.
Hence, since /∇ν commutes trivially with /A[i] and /T one has by elliptic estimates∑4
i=0‖(r /∇)iDn
(
r
1
2
+s (1)g¯ ′
)‖2Σ,r .‖Dn+2(r 12+s (1)ψ¯)‖2Σ,r + ‖Dn+1(r 32+s (1)
¯
ψ ‖2Σ,r.
Applying Sobolev embedding on 2-spheres then yields∣∣Dn(r 12+s (1)g¯ ′)∣∣
/g
. C · Cn+4
where the constant C is computable explicitly from the right hand side of the above and Cn+4 is the constant
appearing in Definition 8.1.1.
We make a remark on the derivative loss.
Remark A.2.2. Observe thus that in the construction one loses four derivatives at the top order in these
supremum norms when passing from the seed data to the full initial data. This loss occurs as a result of the
construction in step 1. of Theorem A.1.1 which requires inverting the family of angular operators /T on the
2-spheres and can potentially be improved – see the discussion at the end of section 2.3 in the overview. In
particular, observe that at the top order in angular derivatives one only loses two derivatives, with this loss a
consequence of the Sobolev embedding.
A corollary of Proposition A.2.1 is now pointwise bounds on the projection of all quantities in the collections
S ′ to Σ.
To state the corollary concisely we utilise one final time a collective notation defined as follows:
• the quantity (1)g′ denotes the projection of any linearised metric quantity associated to the solution S ′ onto
Σ
• the quantity n( (1)g′) denotes the projection of the normal derivative ∇˜n of any linearised metric quantity
associated to the solution S ′ onto Σ
The collective notation we are to employ in the statement of the corollary is at this stage self-evident.
Corollary A.2.3. Let S be a smooth solution to the equations of linearised gravity arising from a smooth, seed
data set D that is strongly asymptotically flat with weight s to order n ≥ 7. Then the collections S ′ satisfy the
following pointwise bounds on Σ:∣∣Dn−4(r 32+s (1)g′)∣∣
/g
+
∣∣Dn−5(r 52+sn( (1)g′))∣∣
/g
. C′n, . (122)
Here, the constants C′n are computable explicitly from the constants Cn and Cn.
Proof. The proof, which we leave implicit, proceeds by carefully applying the estimates of Proposition A.2.1
in conjuction with the construction of initial data from the admissible initial data sets according to Definition
8.1.1, noting in particular that the pointwise bounds on the forcing gauge terms are prescribed explicitly in the
definition of strong pointwise asymptotic flatness.
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